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Figure S1: Schematic representation of the amide group and all four ways of forming a hydrogen
bonded linear dimer from identical molecules. Hydrogen bonds are represented by dotted lines. In
Model 0, we assume that only unimers and linear dimers are present in the solution.
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1 Models
1.1 Model O

In model 0, we assume that the solution contains only monomers and linear dimers (see Figure S1),
and that chemical equilibrium with respect to hydrogen bonding association is described by a single
association constant K. Then, the total concentration of the solution and the concentration of
unimers are related to each other by the equation

c =1+ 2cs, (1)

where the concentration of dimers is c; = 4Kc?. The factor of 4 appears here because there are
four ways to form a dimer from two identical molecules (due to the presence of two hydrogens in
the NHy group and two lone electron pairs on the oxygen).

The free energy of hydrogen bonding of a system of volume V' with N molecules and M dimers

can be written as
Fyp = Me— kT'ln (p"'=), (2)

where € is the energy of a hydrogen bond, p = C/V (where C is a constant) is the probability
that two molecules will meet and orient with respect to each other to from a bond, and = is the
combinatorial number of ways to form M dimers out of N molecules, such that

Ni2M (N — M)12M 1 N4M

T (N—M)! (N-2M) M! (N —2M)MV 3)

—_
—
—

where the first factor is the number of ways of choosing M acceptor molecules, the second factor
is the number of ways of choosing M donor molecules, the factor 2™ takes into account that
each molecule has two hydrogens (in the case when we assume that two bonds per oxygen are
possible then an additional factor of 2M appears), and the last factor takes into account the
indistinguishability of bonds.

Minimizing the free energy with respect to M yields

M K
e W

where K = Cexp (—¢/kT), or, in terms of concentrations,

m

—— =K. 5
4(c—2m)? (5)
As the concentration of unimers in the system is ¢; = ¢ — 2m = ¢ — 8Kc?, we get m = ¢ = 4K c?
and ¢ = ¢; + 8K¢c? in agreement with Equation 1.

Let us now try to determine the association constant by fitting the dependence of the concen-
tration on the height of the 3530cm~! peak.
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Figure S2: Fit of the dependence of the total concentration on the height of the 3530cm ™" peak
at T = 22°C with model Om.
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Figure S3: Dependence of In K on 1/T for model Om.

1.1.1 Model Om

First, we assume that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in unimers. In this case, ¢; = Ax, where z is the height of the peak and A is some constant.
Substituting this in Equation 1 gives the fitting equation

c= Az + 8K A%2*. (6)

A fit of the dependence of peak intensity on concentration at T = 22°C is shown in Figure S2.
The quality of the nonlinear fit can be quantified by the Akaike Information Criterion, on which
further details are given at the end of this document. The value of this quantity for the current fit
is AICc = —457.6.

According to the definition of the association constant in our model, K = Cexp (—¢/kT),
In K should depend linearly on inverse temperature 1/7, and this dependence, together with a
linear weighted fit, is shown in Figure S3. This yields estimates for the model parameters of
InC = —0.84 £ 3 In[l/mol] and € = —1.03 £ 1.8 kcal/mol. The poor quality of the fit in this case
is reflected in the low value of the coefficient of determination, 72 = 0.07.

1.1.2 Model 0g

It is now assumed that the 3530cm ™! peak corresponds to the out-of-phase vibrations of free NHy
groups. In this case, Az = ¢; +4Kc?, and the fitting equation is

1+ 16AKx — 1+ 16AKzx
— SK .

(7)

c
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Figure S4: Fit of the dependence of the total concentration on the height of the 3530cm~" peak

at T = 22°C with model Og.
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Figure S5: Dependence of In K on 1/T for model 0g. The error bars are too large to be shown.

A fit of peak intensity versus concentration at 7' = 22°C is shown in Figure S4. This fit is visibly
less successful than that for model Om, and AICc takes the higher value of —298.

The dependence of In K on 1/T is shown in Figure S5. The estimates of the model parameters
are InC = —1.65+0.5 In[l/mol] and € = —1.15+0.3kcal/mol. The quality of the fit is better than
in model Om, and this is shown by the higher value of the coefficient of determination, r? = 0.75.
However, we note that this apparent improvement may be offset by the very large error bars on
In K, which probably result from the poor quality nonlinear fit in Figure S4.

The free energy density due to hydrogen bonding in model 0 in terms of the volume fraction

of hydrogen bonding molecules ¢ = cv and the dimensionless association constant K’ = K /v has
the form ,
fp = (VI+32K'¢—1) +¢1n\/1+32K'¢71 ()
HB = 64K’ 16K'¢p
1.2 Model 1

In model 1, we assume that we have one bond per oxygen, two bonds per NHy group, one association
constant, and no cycles. This means that the aggregates are tree-shaped (see Figure S6).

The free energy of hydrogen bonding can be written as
F=Me—kT'ln(pM=), (9)

where M is the number of hydrogen bonds, p is the probability that a donor and an acceptor form
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a bond, and Z is the number of ways to form M bonds, given in this case by

N12M 2Nl 1
(N = M) (2N — M) MV’

—
—
—

(10)

where the first factor is the number of ways to choose an acceptor, the second is the number of
ways to choose a donor, and the final factor takes into account the fact that all bonds are identical.
Substituting Equation (10) into Equation (9) and using Stirling’s formula gives

(N — M) (2N — M)? Me
e +M1n(N—M)(2N—M)' (11)

%zM(%—lnp)—FNln

After minimization with respect to M, we find, in terms of concentrations m = M/V and ¢ = N/V,

2(c—m)(2c—m)

=K. (12)

Let us suppose that the concentration of aggregates of size ¢ can be expressed as
ci = a; K"t (13)

where the «; are unknown coefficients. Then, for the concentration of bonds m and total concen-
tration ¢ we have

m=Y (i-1)c (14)

i=1

and -
c= chz (15)
i=1

In order to find «;, we substitute expressions 14 and 15 into Equation 12 and equate coefficients
in front of like powers of ¢;. Using this method, we can calculate the values of the coefficients,
which in this case are (starting from ¢ = 1) 1, 4, 20, 112, 672, 4224, 27456,. ... Using the On-Line
Encyclopedia of Integer Sequences!, we can assume that the general formula for a term of this
sequence most probably has the form (in the main paper a more elegant way to get this result is
described)
i1 (20)!
o =2 (16)

The sequence f; = (2i)!/ (i + 1)!l! is known as the Catalan numbers. It is known that these
numbers represent the number of different rooted binary trees with i 4+ 1 leaves. In our case, we
have an additional factor of 27!, since each molecule apart from the root can be added in two
ways to form a bond with one of the free hydrogens because there are two bonding sites on the
oxygen. All aggregates allowed in this model with size up to ¢ = 3 are shown in Figure S6. So we
can say that the physical meaning of «; is the number of ways to form an aggregate of size ¢ out
of ¢ molecules.

It is also interesting to note that, by looking at Figure S6, it can be seen that the aggregates
can be built recursively from each other, so a generating function G (z) can be written as

G (2) =1+442G (2) + 422G (2)?, (17)

where z = K¢ is the multiplicative factor that is introduced when the size of the aggregate is
increased by one. Solution of this equation gives

_ 1—4z—+1-—8z

G (2) 2

(18)

and this generating function can be expanded with respect to z to give the values of «;.
With this expression for «; in hand, the total concentration of the solution can be calculated

1-4Ke; — V1 —-8Kc
Cc = .
8K201\/1 - 8K01

as

(19)
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Figure S7: Fit of the dependence of the total concentration on the height of 3530cm ™' peak at
T = 22°C with model 1m.
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Figure S8: Dependence of In K on 1/T for model 1m.

1.2.1 Model 1m

Let us assume first that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in unimers. In this case, ¢; = Ax, where z is the height of the peak and A is some constant.
Substituting this in Equation 19 gives the fitting equation:

oo 1—-—4KAx — V1 —8K Az
- 8K2Ax\1-SKAx

The results of this fit are shown in Figures S7 and S8. The value of AICc for the fit in Figure S7 is
—503.8. The dependence of In K on 1/T is shown in Figure S8, and this fit gives estimates of the
model parameters of InC' = —2.14 £ 0.6 In[l/mol] and ¢ = —0.79 £ 0.2kcal/mol, with a coefficient
of determination of 72 = 0.56.

(20)

1.2.2 Model 1g

In model 1g, it is assumed that the 3530cm ™! peak corresponds to the out-of-phase vibrations of
NH; free groups both in free molecules and in aggregates. Therefore, in order to find a fitting
equation, we need to calculate the concentration of free groups. However, it turns out that it is
impossible to do this in the framework of model 1 because the number of free groups depends on
the structure of the aggregate. However, model 5 (to be introduced later) does include the relevant
information about the structure of the aggregate, and reduces to model 1 when its two association
constants are set equal to each other. Therefore, the calculation of the fitting expression is carried
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Figure S9: Fit of the dependence of the total concentration on the height of the 3530cm ™" peak
at T = 22°C with model 1g.
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Figure S10: Dependence of In K on 1/T for model 1g.

out in model 5, and K; and K5 are both set equal to K at the end. This gives

 1-4AKz +16A%K?2? — (1 — 4AKz) V1 + 16A2 K222 (21)
= 8AK?x '

The results of the fit are shown in Figures S9 and S10. The quality of fit in Figure S9 can be
characterized by the parameter AICc = —388.9, and the fit shown in Figure S10 estimates the
model parameters to be InC = —1.77 + 0.4 In[l/mol] and € = —1.55 & 0.3 kcal /mol, with r% = 0.9.

1.2.3 Model 1s

Here we assume that the 3530cm ™! peak corresponds to the out-of-phase vibrations of NH, free
groups in free molecules and dimers. In this case, the relation between ¢; and z takes the form
Az =1 + 4Kd3.

The fitting results are shown in Figures S11 and S12. The value of AICc for the fit in Figure S11
is —503.9, and the estimates for the model parameters corresponding to Figure S12 are InC =
—1.75 £ 0.5 In[l/mol] and € = —0.78 & 0.3 kcal /mol, with r? = 0.66.

The free energy density of hydrogen bonding in model 1 in terms of the volume fraction of
hydrogen bonding molecules ¢ = cv and dimensionless association constant K’ = K/v has the

form )
(¢ —m) (2¢ —m)
4¢3 ’

where m is a solution of the equation m/[2 (¢ — m) (26 — m)] = K.

fug =m+¢ln (22)
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Figure S11: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T' = 22°C with model 1s.
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Figure S12: Dependence of In K on 1/T for model 1s.
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Figure S13: Schematic representation of possible aggregates with size up to ¢ = 3 in model 2.

1.3 Model 2

In model 2, the following assumptions are made: oxygen can form two bonds, the NHy group can
form two bonds, there are no cycles and there is one association constant. The range of allowed
aggregates for this case with sizes up to ¢ = 3 is shown in Figure S13.

The free energy of hydrogen bonding can be written as

F=Me—kTh (pM=), (23)
where M is the number of hydrogen bonds and the number of ways to form these bonds is
aN! \? 1
B0 —. 24
((2N—M)!) M! (24)
Minimization of the free energy yields
m
—— =K. 25
(2n —m)? (25)

Next, it is assumed that the concentration of aggregates of size i can be written as
ci = Kl (26)

so that the total concentration is

n = Z ic;, (27)
i=1

S11



and the concentration of bonds is -
Z (n—1)c (28)

Then, we substitute Equations 27 and 28 into Equation 25 written in the form m = K (2n — m)2
and, equating coefficients in front of like powers of ¢;, we can calculate the first terms of the o
sequence. The OEIS tells us that this sequence is probably that known as A000309, whose i*"
term is given by

(2i+ 1) (i + 1)1
In the following section, a proof is given that the sequence A000309 is indeed the set of coefficients
«; that satisfy Equation 25. Using this result for the «;, the total concentration can be written

down as L5 . -
C1
—e sl (|2, 2,2],]2 .
n C1-3 2<|:3a3a :|a|:273:|7 ) ) (30)

(29)

0[2'22

1.3.1 The proof

This proof was provided by Mark van Hoetj.
Let us consider «;, m and n defined according to Equations 29, 28, and 27 respectively. Then,
let us define a function

y_2nm—ll(§:(i+1)06i$i, (31)
where x = Kc¢;. Next, introduce M = Km and Y = Ky. Then, Equation 25 is equivalent to
M=Y? (32)
If a function Z is defined by
Z:l—i—Y:i(i—i—l)aixi (33)
i=0
(the difference with Y is that the summation starts from 0), it can be verified that
(27x —2)aZ" + (5dx — 3) 7' + 67 = 0. (34)
Indeed, since
iz—i—l )ioyr' Tt = iz+1(z+2)al+1x (35)
i=0 =0
and - -
207" =2 Z (t+1)i(i—1)ax Z (i+1) (i 4+ 2) iz, (36)
Equation 34 is equivalent toO i
(27i% 4 2Ti + 6) c; = (i + 2) (20 + 3) o1, (37)
which is true for «; defined by Equation 29. Differentiating Equation 34 gives
(27x —2)xZ" 4+ (108z — 5) Z" + 6072’ = 0, (38)
or, since Y/ = 7,
(272 — 2)2Y"" 4+ (108x — 5) Y + 60Y' = 0, (39)

and it can be found that v = Y? satisfies the equation

(27 — 2)%2%u""" + 22%(2702 — 13) (272 — 2)u”"”" + 352(2592x2 — 2462 + 5)u”" +

40
+(2041202° — 13440z + 140)u”” + (1461602 — 5040)u” + 20160u’ = 0. (40)

To show this, we note that, if we take Y2 and differentiate repeatedly, then all the resulting
expressions can be written in terms of products of Y, Y’ and Y, because all instances of Y’
can be eliminated with Equation 39. Next, we verify that M = Y72, (i — 1) a;z also satisfies
Equation 40. Since both M and Y2 satisfy Equation 40, the functions M and Y2 are equal if the
first six terms in their expansions in powers of = coincide (because the differential equation is sixth
order), which we can check by direct computation.

S12
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Figure S14: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 2m.
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Figure S15: Dependence of In K on 1/T for model 2m.

1.3.2 Model 2m

Let us assume first that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in unimers. In this case, ¢c; = Ax where z is the height of the peak and A is some constant.
Substituting this in Equation 30 gives

45 5 27K Ax
= Az 3 F -, =,2 = . 41
n X -3 2<|:373a :|a|:2a3:|7 ) ) ( )

The results of the fit are shown in Figures S14 and S15. The value of AICc in Figure S14 is
—502.5, and the estimates of the model parameters given by the fit in Figure S15 are InC' =
—2.54 0.3 In[l/mol] and € = —0.8 & 0.2 kcal /mol with r? = 0.75.

1.3.3 Model 2¢g

Let us assume now that the 3530cm™! peak corresponds to the out-of-phase vibrations of NH,
free groups. As in the case of model 1g, we need to include more information about the aggregate
in order to calculate the concentration of free groups. If we distinguish between molecules with
both hydrogens bonded (N3 is the number of such molecules) and only one bonded hydrogen in
the amide group (N is the number of such molecules) we can write the number of ways to form

S13
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Figure S16: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 2g.
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Figure S17: Dependence of In K on 1/T for model 2g.

bonds as (see model 6 for more details)

_ 2N N12M
~ (2N — M)! (N — Ny — N;)!IN{IN,!
2N! N122N—-M=2N; (12)

(2N — M)! N;' (2N — M — 2Nj)! (N; + M — N)!’

where M = Ny 4+ 2N3 and Ny = N — N; — No. Minimizing the free energy and eliminating M
gives
A
Cc = nf 5 = ° 29 (43)
(1 —-2Kny) (1 -2KAzx)
where, according to our peak attribution assumption, ny = Ax.
The results of this fit are shown in Figures S16 and S17. The value of AICc for the fit in
Figure S16 is —499.7, and the fit in Figure S17 yields estimates for the model parameters of
InC = —1.24 0.7 In[l/mol] and € = —0.7 + 0.5kcal /mol, with r? = 0.38.

1.3.4 Model 2s

Let us assume here that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the free
NH,; group in unimers and dimers. In this case, Az = ¢; +4Kc?, where x is the height of the peak
and A is a constant. Substituting this in Equation 30 yields

co Z1HY 2; 164K 5 Fy ({322] , B:&} % (1+\/1+16AK17)> . (44)

S14
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Figure S18: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 2s.
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Figure S19: Dependence of In K on 1/T for model 2s.

The results of the fit are shown in Figures S18 and S19. The value of AICc for the fit shown
in Figure S18 is —494.2) and the fit in Figure S19 yields estimates for the model parameters of
InC = 0.50 £ 0.2 In[l/mol] and ¢ = —0.86 + 0.1 kcal /mol, with r? = 0.92.
The free energy due to hydrogen bonding in model 2 in terms of the volume fraction of hydrogen
bonding molecules ¢ = cv and the dimensionless association constant K’ = K/v has the form
(29 —m)

fHB:m+4¢1HT, (45)

where m is a solution of the equation m/ (2¢ —m)* = K'.

1.4 Model 3

In this model, it is assumed that there is only one bond per oxygen and one bond per NHs, there
are no cyclic dimers and there is only one association constant. The range of allowed aggregates
with aggregation numbers up to ¢ = 3 is shown in Figure S20; aggregates are chain-like in this
case.

The number of ways to form bonds in model 3 can be written as

- <<N ]—WM>!>2 4ﬁM' o

and minimization of the free energy gives

[1]
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Figure S21: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 3g.

In this case, the concentration of aggregates of size 7 is

i =47TK (48)
so for the total concentration we have
C1
c=————. 49
(1—4Kep)? (49)
The concentration of free groups is given by ny = n — m, so the relation between the total

concentration and the concentration of free groups is

n:nf+4anf. (50)

1.4.1 Model 3m

Let us first assume that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in unimers. In this case, ¢; = Ax, where x is the height of the peak and A is some constant.

The fitting equation is then
Ax
c=———. (51)
(1 -4K Ax)

This expression is the same as the fitting equation for model 2g, but with an association constant
that is two times smaller. This means that the fitting results are the same, with the values of
the model parameters and statistical measures being AICc = —499.7, InC = —1.9 £+ 0.7 In[l/mol],
€ = —0.7 4 0.5kcal /mol, and % = 0.38.

1.4.2 Model 3g

In this model, it is assumed that the 3530cm ! peak corresponds to the out-of-phase vibrations of
the free NHy groups. Here,

c= Az + 4K A%2?, (52)

The results of the fitting procedure are shown in Figures S21 and S22. The value of the AICc

parameter for the fit in Figure S21 is —457.6, and the estimates of the model parameters given by
the fit in S22 are InC' = —0.15 + 3 In[l/mol] and € = —1.0 & 1.9 kcal /mol, with r* = 0.07.

1.4.3 Model 3s

Let us first assume that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the free
NH; groups in unimers and dimers. In this case, Ax = ¢; + 4Kc?, where x is the height of the
peak and A is some constant. The fitting equation in this case is
—-1++V1+16KA
c= TVt S (53)
2K (-3 + V1 + 16K Ax)

S17



25

N
o
—o0——

Ln[K] [Ln[l/mol]]

-
o
1

00031 00032  0.0033  0.0034
10T [1/K]

Figure S22: Dependence of In K on 1/T for model 3g.

o o
[N} w
) 1

¢ [mol/l], concentration
o

o
[=}

0.0 05 1.0 15 20
x, height of 3530cm™ peak

Figure S23: Fit of the dependence of the total concentration on the height of the 3530cm ™' peak
at T = 22°C with model 3s.

The results of the fitting procedure are shown in Figures S23 and S24, and the values of the
model parameters and statistical measures are AICc = —499.3, InC' = 1.58 £ 0.8 In[l/mol], € =
—0.7 + 0.5kcal /mol, and 7?2 = 0.37.

The free energy density of hydrogen bonding in model 3, written in terms of the volume fraction
of hydrogen bonding molecules ¢ = cv and the dimensionless association constant K’ = K /v, has
the form

fup =m +2¢1n ((b;m) (54)

where m is a solution of the equation m/4 (¢ —m)* = K'.

1.5 Model 4

Model 4 is analogous to model 1 but with one bond allowed per NHs group and two bonds allowed
per O in each acrylamide molecule (see Figure S25). This means that the expression for the relation
between ¢ and ¢; is the same in model 4 as in model 1. However, the number of free NHy groups
in model 4 is different from model 1 and is equal to the number of aggregates as there is only one
free NH, per aggregate. We can then write that

2i—1 (2 1 -4 K — 1 - K
nfchsz (z)K et = @ 81

il (i +1)! te 8c1 K2

(55)
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Figure S26: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 4g.
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Figure S27: Dependence of In K on 1/T for model 4g.

Substituting this expression into Equation 19 gives

ny +2Kn?

1—2an ' (56)

C =

1.5.1 Model 4m

First, we assume that the 3530cm ! peak corresponds to out-of-phase vibrations of free acrylamide
molecules. The fitting equation is the same as in model 1m, so we do not repeat the fitting procedure
here.

1.5.2 Model 4g

With the free groups assumption, we can the write fitting equation as

Az + 2K A%z?

1-2KAx (57)

The results of the fit are shown in Figures S26 and S27. The quality of the fit in Figure S26
is characterized by the parameter AICc = —495.8, and the estimates for the model parameters
resulting from the fit in Figure S27 are InC' = —0.8 4 0.9 In[l/mol] and € = —0.7 £ 0.5 kcal/mol,
with 2 = 0.28.

520



b A S S S
SRS S A B i 4
i=2, a,=4 | IOIO G;—s Oj:o
031==316 o:()

...
O\

b S Xw
o E;Iixo %;@ Olcf;%;
b i S S,

=4 o:%;:o cxoi=soxo 053-32

i=5
051=256

Figure S28: Schematic representation of aggregates with size up to ¢ = 5 in model 5. In contrast
to the figures for one-parameter models, only configurations of aggregates with different energies
are shown. The quantity a;; gives the number of different configurations for an aggregate of ¢
molecules that contains 2 (j — 1) ez bonds.

1.5.3 Model 4s

In this case, we assume that the 3530cm~! peak corresponds to out-of-phase vibrations of free
NH; groups in unimers and dimers. The fitting equation and all fitting results are the same as for
model 1s.

1.6 Model 5

Model 5 is the first model with “cooperativity” we consider. In this model, we allow one bond
per oxygen, two bonds per NHy group, no cycles, and two association constants (corresponding to
bond energies €; and €3) that depend on the bonding state of the NHy group in the donor molecule
(see Figure 528).

Let us denote the number of molecules with donors involved in €; bonds as N; (or, in other
words, the number of donor molecules with one bonded hydrogen) and the number of molecules
involved in e bonds as Ny (in other words, the number of donor molecules with two bonded
hydrogens). Correspondingly, the number of ¢; bonds is M; = N; and number of e bonds is
My = 2N,.

The number of ways to form M; bonds with energy e; and 2Ny bonds with energy e can be

written as
— NI12N1+2N2 N12M 58
T (N = Ny —2Ny)! (N — Ny — No)IN;!IN,!' (58)
where the first factor is the number of ways to choose an acceptor for M = N; + 2Ns bonds, and
the second factor is the number of ways to choose N7 and Ns donor groups out of N molecules,
taking into account the fact that in molecules with only one bonded hydrogen, this hydrogen can
be chosen in two ways.
The free energy of hydrogen bonding in model 5 is

Fup = 1M1 + e2Mz — kT'In ( pé\b:) 5 (59)
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and minimizing this with respect to M; and My gives
N1 Kl

AN=N —2N))(N— N - DNy)  V (60)
and
No _ K (61)
4(N — Ny — No) (N — Ny —2N,)? V2
It is interesting to note that the following equality exists:
ETE - -
(@N = M)IM! ~ = (N = M + No)! (M — 2N)! N, !

which shows that model 5 reduces to model 1 when ¢; = €5 — a property that we make use of in
our calculations on model 1g above.

Now, we look for a relation between the total concentration and the concentration of unimers,
and assume that concentration of aggregates of size ¢ with 2(j — 1) es-bonds has the form

ey = a K3V VK200 1 << (i 4 1) /2. (63)
Substituting this expression in Equations 60 and 61 gives
92i—2j (i—1)!
(=D GE—2j+ 1l

and the dependence of the total solution concentration on the concentration of unimers can then
be calculated to be

Olij =

(64)

oo (i+1) 1— /1 — 10KGet

Z Z ioi K. (J 1) z 1-2(5-1) li: (1—41(121)2 . (65)
= = 8K2C 1— 16[(7261

- - 2 1 (1—4K1C1)2

Alternatively, the coeflicients a;; can be found from the generating function for the family of trees
shown in Figure S28. If we denote ¢ K7 as z; and ¢1 K5 as zo, we can write down the equation for
the generating function as

G =1+4Gz +422G?, (66)

which can be solved to find

1—4z + \/(1 —421)% — 1622

2
825

G:

(67)

where the required expression is that with the negative root. It is straightforward to verify that
expansion of this expression in powers of z; and 2, will yield the values of «;; given by Equation
64. We also can see that if we put z; = 2o we will recover the generating function for model 1, as
would be expected from the fact that the two models are equivalent when e; = €.

The concentration of free groups is given by ny = ¢ — n; — nyp and eliminating n; and ny from
Equations 60 and 61 gives

1—4Kyny +16K3n% — (1 — 4Kiny) /1 + 16K3n2
’ (68)

8K22nf

CcC =

1.6.1 Model 5m

Let us assume first that the 3530cm ™! peak corresponds to out-of-phase vibrations of the NH,
group in free molecules. In this case, the fitting equation is

16A2K2x?

1— /1 J6A2KG?
o= (1-4AK0)” (69)

2 21:2
8AK2x,/1— &7@21)2
The results of the fit are shown in Figures S29 and S30. The value of the AICc parameter for the
nonlinear fit in Figure S29 is —501.7, and the estimates of the model parameters given by the fits
in Figure S30 are InC; = —19.6+5 In[l/mol], e = —11 £ 3 kcal/mol, In C = 3.4+ 1 In[l/mol], and
€3 = 2.440.7kcal/mol. In all our two-parameter models, we have two coefficients of determination,
which in this case are given by r? = 0.76 and r3 = 0.73.
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Figure S29: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T' = 22°C with model 5m.
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Figure S30: Dependence of In K (triangles) and In K5 (circles) on 1/T" for model 5m.

523



o o
N} w
) 1

¢ [mol/l], concentration
o

o
=}

0.0 0.5 1.0 15 2.0
x, height of 3530cm™ peak

Figure S31: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 5s.
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Figure S32: Dependence of In K (triangles) and In Ky (circles) on 1/T for model 5s.

1.6.2 Model 5g

Now we assume that the 3530cm ! peak corresponds to out-of-phase vibrations of free NHy groups.
In this case, the fitting equation is

e 1 —4AK iz + 16A%2K22% — (1 — 4AK 7)) \/1 + 16 A2 K222
N 8AK3x '

(70)
In this case, we were unable to obtain any results, as the fitting procedure did not converge.

1.6.3 Model 5s

We also check the possibility that the 3530cm~! peak does not correspond to a single species
(such as all free molecules or all free groups), but instead corresponds to absorption by free groups
in some subset of aggregates. Here we check the subset composed of unimers and dimers, so
Ar = c; +4K,c3.

The results of the fit are shown in Figures S31 and S32. The value of AICc for the fit in
Figure S31 is —501.7, and the estimates of the model parameters given by the fits in S32 are
InCy = —21.5 £ 6 In[l/mol], ¢, = —12.5 + 3.5kcal/mol, InCy = 1.95 £+ 1 In[l/mol], and e =
1.3 & 0.6 kcal /mol, with 7? = 0.76 and 3 = 0.56.

1.7 Model 6

In model 6, we allow one bond per oxygen, two bonds per NHs group, no cycles and two association
constants. However, in contrast to model 5, the association constant is now determined by the
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Figure S33: Schematic representation of aggregates with size up to ¢ = 5 in model 6. Only
aggregates with different total bond energies are shown.

bonding state of the acceptor in the donor molecule (see Figure S33). Let the bond energy be
denoted by €; in the case when the oxygen in the donor amide group is free and by e otherwise.
Then, the number of bonds with energy ¢; is M7, the number of bonds with energy €5 is Mo, the
number of molecules with donors involved in €; bonds is N1, and the number of molecules involved
in €3 bonds is Ny. The number of ways to form bonds can then be written as

NP2MAMe (9N — 2My — 2M>)! (2M; +2Ms)! 1

== 71
(N = My — My)! (2N — 3M; — 2My)! (2M; + M) MyIMy! (1)

where the first factor in = is the number of ways to choose an acceptor for My + Ms bonds. This
uses the assumption that there is only one bond per oxygen. The second factor is the number of
ways to choose a donor for €; bonds, with 2N — 2M; — 2M5 giving the number of hydrogens in
molecules with free acceptor groups. The third factor is the number of ways to choose a donor for
€2 bonds. The hydrogens for these bonds should be chosen from molecules with bonded acceptors.
The number of such molecules is M7 + M5 and they contain 2M; + 2Ms hydrogens. As usual, the
last term accounts for the indistinguishability of the bonds.
Minimization of the free energy gives

M, (M, + Mp)* (N — My — Mp) _ K
2 (M + M) (2N — 3M;y — 2M,)° V.
My (2My + Ms) (N — My — Ms) _ Ky
2 (My + M) (2N — 3My — 2M,)° V'
We can notice that there are two types of aggregates: those with one €; bond and those with two

€1 bonds. Then, the concentrations of aggregates with size 7 and either one or two ¢; bonds can
be written as

(72)

(73)

Ci1 = ai1K1K§_2Ci,Z‘ Z 2 (74)
Cijo = OéiQKlQK;;SCi,i Z 3, (75)

and the total concentration of acrylamide and concentrations of each type of bond as
oo o0
c=c + Z ici1 + Z 1Cio (76)
i=2 i=3
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mp = Z ci1 + Z 2¢i2 (77)
=3

mzZZ(i—Z)Cﬂ-i-Z(i—?’)Ciz- (78)
i=2 i=3

Substituting these expressions into Equations 72 and 73 leads to the following expressions for a;; o:

(2 —2)!
1 =2" 79
B G DT (79)
; 2i — 3)!
2 = 2”1(— >3 80
iz -3+ = (80)
For the dependence of the total concentration on the concentration of unimers we have
. 163K K3 — 163 K3 K? + K — 4c1 K2 K,
861K§\/1 —861K2 (81)

| 8etKG — 161K K — K + 8t KPS
801K§ '

Another way to determine the coefficients a;; and ays is to find an expression for the generating
function, as was done in for models 1 and 5. In the current case, we have

G (21,22) = 1+ 421Gy (22) + 422G (29) (82)

where
1 —429 — /1 —829

G]_ (22) = 822 )
2

(83)

the generating function for model 1.

Now, let us turn to the calculation of the number of free groups. In order to do this, it is
necessary to distinguish molecules with one hydrogen bond per NHy group and two hydrogen
bonds per NHs group. We denote the number of molecules with one bonded hydrogen and free
oxygen by N (Figure S34) and the number of molecules with two bonded hydrogens and free
oxygen by Ns, so that M; = Nj + 2N3. Similarly, we denote the number of molecules with
one bonded hydrogen and bonded oxygen by Na, and the number of molecules with two bonded
hydrogens and bonded oxygen, by Ny, so that My = Ny +2N,. Then, the number of ways to form
bonds is

NI12Mi+M: (N — My — My)12M (M + My)!12N2

== (84
(N — My — My)! (N = My — My — Ny — N3)IN;IN3! (My + My — Ny — N4)IN5IN! (84)

After simplification, this becomes

_ NI(N1 + Ny + 2N3 + 2N,) 14N+ N2+ Nat N )
(N = 2Ny —3N3 — Ny — 2Ny)! (N1 + 2N3 + Ny)! N INy! N3 Ny!

(1]

Also, for simplicity, we assume first that there are four association constants and correspondingly
four different bond energies, so we can write for the free energy of hydrogen bonding

Fis = e1N1 + e2Ny + 263N + 2e4Ny — kT'In (pivl pl2p2Ns p§N4E) : (86)

Minimization of this expression gives

Ny (N1 + 2N3 + Ny) _ K (87)

4(Ny 4 Ny +2N3 +2Ny) (N — 2Ny —3N3s — Ny —2N,)> V
at _ L (55)

4(Ny + Ny +2N35 + 2N;) (N —2N; —3Ns — Ny —2N;)  V
Ns (N1 + 2N5 + N,)? K% (89)

4(Ny + Ny +2N3 4+ 2N4)? (N — 2Ny — 3N3 — Ny — 2N,)° V2
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Figure S34: Schematic representation of aggregates with size up to ¢ = 5 in the modification of
model 6 with four association constants. Only aggregates with different total bond energies are
shown.
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Ny (Ny + 2N3 + Ny) _ K%
4(Ny + Ny +2N3 4+ 2N;)* (N — 2Ny — 3N3 — Ny — 2N,)*  V?’
and the number of free groups is given by Ny = N — N; — Ny — N3 — Ny.

We notice that, since only one bond per oxygen is allowed, all aggregates have either one ¢;
bond or two €3 bonds, which lie at the “root” of each aggregate. Furthermore, we note that the
distribution of €5 and €4 bonds is very similar to the original model 6. Then, we can label different
aggregates by the set of three numbers {1ij} or {3ij} where the first letter denotes the type of
“root” (type 1 bonds or type 3 bonds), i is the number of molecules in the aggregate and j the
number of type 4 bonds in aggregate. The concentrations of aggregates can then be written as

(90)

crij = a1 K1 Ky P K772 (91)
C3ij = s KEKS YK T (92)
and the concentrations of molecules in different bonding states can be calculated to be
oo /2 0o (i—1)/2
c=c + Z Zich‘j + Z Z 1C345 (93)
i=2 j=1 i=3 j=1
o /2 0o oo
=2 D =, D e (94)
i=2 j=1 j=1i=2j
o0 Z 1)/2 o0 o0
=2 > =), D e (95)
i=3 j=1 j=1i=2j+1
ZZ Z—2j) Clij"’Z Z (i—1—2j) C3nj (96)
j=1i=2j j=1i=2j+1
@=N Y G- DeaytY Y G- 10 (07)
Jj=11i=2j J=11i=25+1

Additionally, we can write that

nf=C1+ZZjC1ij+Z Z (j+1)03ij~ (98)

j=11i=2j j=11i=2j+1
Substituting these expressions into Equations 87, 88, 89, 90 gives
1 (i-2)
GG =D —25)0
1 (i —2)!
- - - - ,i>25+ 1. 100
GG DGz -t Y oo
We can now evaluate the sums and calculate the dependence of ny on c;.
Since we assumed that equilibrium is described by two association constants in model 6, we
put K3 = Ky and K4 = K5 and find
C1 (401K1K22 + KQQ\/ 1-— 861K2 + K12 (1 — 401K2 — VvV 1-— SClKg))
KQQ\/ 1-— 861K2 '

As we know the dependence of both ¢ and ny on ¢i, we have parametrically defined a function
¢ (nys), which we can use to fit experimental data in case of the free groups assumption.

Qg = 2272 i>2j (99)

92i—2j—1

Qaszij =

’rLf—

(101)

1.7.1 Model 6m

Here, it is assumed that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in free molecules. In this case, we put ¢; = Ax and substitute it into Equation 81.

The fitting results are shown in Figures S35 and S36. The value of the information criterion
for the fit shown in Figure S35 is AICc = —501.7, and the estimates of the model parameters
given by the fits in Figure S36 are InCy = —9.9 & 1 In[l/mol], ¢, = —5.2 & 0.8 kcal/mol, InCy =
—0.62 £ 0.5 In[l/mol], and €3 = 0.1 & 0.2 kcal /mol, with r? = 0.91 and r3 = 0.03.
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Figure S35: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T' = 22°C with model 6m.
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Figure S36: Dependence of In K (circles) and In K5 (squares) on 1/7" for model 6m.
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Figure S37: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 6g.
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Figure S38: Dependence of In K (triangles) and In K> (circles) on 1/7T for model 6g.

1.7.2 Model 6g

In this section, it is assumed that the 3530cm ' peak corresponds to absorption by free groups, so
that ny = Az. The results of the fitting procedure are shown in Figures S37 and S38. For the fit
in Figure S37, we have that AICc = —493.8. The estimates of the model parameters for the fits
in Figure S38 are InC; = —11.5 + 5 In[l/mol], ¢, = —5.9 £ 3kcal/mol, InCy = 3.5 £ 0.6 In[l/mol],
and €3 = —2.2 + 0.3 keal /mol, with r# = 0.71 and 73 = 0.90.

1.7.3 Model 6s

For the assumption Az = ¢ +4K;cf +4K?%c} (NHz groups in unimers, dimers and trimers without
€2-bonds), we have the fitting results shown in Figures S39 and S40. The quality of fit in Figure S39
can be characterized by AICc = —501.7. The estimates of parameters for the fits in Figure S40
are InCy; = —11.89 £ 2 In[l/mol], ¢, = —6.7 £ 1.1kcal/mol, InCy; = —3.18 + 0.3 In[l/mol], and
€2 = —1.6 £ 0.2kcal /mol, with 7? = 0.91 and r2 = 0.95.

The free-energy density of hydrogen bonding in model 6 in terms of the volume fraction of
hydrogen bonding molecules ¢ = cv and dimensionless association constants Kj = K /v, K) =
K5 /v has the form
(26 — 3my — 2my)?
4¢ (¢ —m1 —ma) ’
where m; and my can be calculated by taking the sums in Equations 77 and 78 to be functions
of the association constants and c¢;. Then, we can consider ¢; as a parameter and now have a
parametrically defined function fug (¢).

fup =mi+ma+ ¢ln (102)
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Figure S39: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 6s.
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Figure S40: Dependence of In K (circles) and In Ko (squares) on 1/T for model 6s.
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Figure S41: Schematic representation of aggregates with size up to ¢ = 5 in model 7. Only
configurations corresponding to different energies are shown.

1.8 Model 7

In model 7, we again allow one bond per oxygen, two bonds per NH, group, no cyclic dimers and
two association constants. However, in contrast to models 5 and 6, the association constant is now
determined by the bonding state of the NHy group in the acceptor molecule (see Figure S41).

We denote the energy of a bond formed by an acceptor with a free donor group by €; and the
energy of a bond formed by an acceptor molecule with one or two bonded hydrogens by €. As in
some previous models, we will first consider a more detailed case (with three association constants),
in which the situations corresponding to one bonded hydrogen in an acceptor molecule (e3) and to
two bonded hydrogens in an acceptor molecule (e3) differ from each other (see Figure S42). We
write M, for the number of bonds with energy ey, M5 for the number of bonds with energy €5, and
M3 for the number of bonds with energy €3 (see Figure S42). Similarly, we write Ny for the number
of free molecules, Na for the number of molecules with a free oxygen and one bonded hydrogen,
N3 for the number of molecules with a free oxygen and two bonded hydrogens, N, for the number
of molecules with a bonded oxygen and both hydrogens free, N5 for the number of molecules with
a bonded oxygen and one bonded hydrogen, and Ng for the number of molecules with a bonded
oxygen and two bonded hydrogens. Among these values, the following relations exist: M; = Ny,
My = Ns, M3 = Ng, N =520 | N;, My + My + My = Ny + 2N3 + N5 + 2Ng.

In this case the number of ways to choose acceptors is

N19Na+N5+Ne
(N —Ni— N5 — No)l"

(103)
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Figure S42: Schematic representation of aggregates with size up to ¢ = 5 in model 7. Only
configurations corresponding to different energies are shown.
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The number of ways to choose donors is (this expression is effectively the same thing as Equation 62)

(N — Ny — Ny — Ng)!2N2 (N4 + N5 + NG)!2N5

104
N1!N5!N3! N!N5!Ng! ’ (104)
and finally we have
= N122N72M 2N (Ny + N + No)! (105)
=7 N!(2N — 2N; — 3N, — 2N5 — Ng)! (N7 + 2N4 + N5 — N)IN4IN5!Ng!”
Minimization of the free energy yields the following set of equations:
4Ny (N1 +2Ngs+Ns—N) (106)
(2N — 2Ny — 3N, — 2N5 — Ng)°
4N, (Ny 4 2N, + N5 — N)? _K (107)
(2N — 2Ny — 3Ny —2N5 — Ng)* (Ny+ N5 + Ng) V.
Ns (Ny + 2Ny + N5 — N) K (108)
(2N — 2Ny — 3Ny — 2N5 — Ng)? (Ny + N5 + Ng)  V
Neg K3
=—. (109)
(2N — 2N, —3N; — 2N5 — Ng) (N4 + N5 + Ng) V.
For the concentrations of aggregates, we may write
Cijk = cijn K| TP K KRG (110)

where 0 < j <7 —2 and there are two series of k values that satisfy 2k + j +2 = ¢ for j and ¢ both
odd or even and 2k + j + 3 = ¢ otherwise. Based on these relations, one index may be removed
and two series of concentrations introduced instead:

Crir = i KPP K2 KRG 0 <k <o00,2k+2<i< 00 (111)

Ciry = i KFP2KIT2R 3 kel 0 <k < 00,2k 43 < i < oo (112)

Therefore, we can write

c=c + Z Z iOtlikaJrlK;izkiQKngi + Z Z iagika+2K§72k73K§ci (113)
k=0 i=2k-+2 k=0i=2k+3
ny =ac (114)
=> Z (k+ 1) arin KF K22 KEG+> 7 > (k+2) cgn KPP KM P K (115)
k=0 i=2k+ k=0i=2k+3

ns =Y Y (i—2k—2) oK KT RE

k:oo i:ilz+2 (116)
30N (i -2k = 3) o KRG MK
k=01i=2k+3
=3 ) konaK{H KRS + > 0> kg KPP KT UK (117)
k=01i=2k+2 k=01i=2k+3
S | —2)!
apgp = 4771F (i —2) (118)

(i—2—2k) kI (k + 1)!
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Figure S43: Fit of the dependence of the total concentration on the height of the 3530cm ™' peak
at T = 22°C with model 7m.
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Figure S44: Dependence of In K (triangles) and In K5 (circles) on 1/T for model 7m.

(i —2)! (2k 4 2)

=412k 119
2k (i —3—2k) (k+ 1)! (k +2)! (119)
By summing the series, assuming that Ky = K3, it can be shown that
1-— 401K2 SC%KQ (K2 - Kl) —1
c= . : (120)
8c1K3+/1 —8¢c1 Ko — 1663 (K| — K2) Ko 8c1 K5
Finally, the number of free groups, which is the sum of ¢; and n4, can be calculated as
K K
np=cp — AL at (121)

+ .
KQ KQ\/1_801K2_160% (Kl—KQ)KQ

1.8.1 Model Tm

Here, it is assumed that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in free molecules. In this case, we put ¢; = Az and substitute it into Equation 120.

The fitting results are shown in Figures S43 and S44. The quality of fit in Figure S43 can
be characterized by AICc = —501.7, and the estimates of the model parameters for the fits in
Figure S44 are InC; = —11.6 +2 In[l/mol], e = —6.2 £ 1 kcal/mol, In C = 1.340.8 In[l/mol], and
€2 = 1.2 + 0.5 keal/mol, with r} = 0.9 and 3 = 0.62.
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Figure S45: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 7g.
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Figure S46: Dependence of In K (triangles) and In K> (circles) on 1/7T for model 7g.

1.8.2 Model 7g

Next, it is assumed that the 3530cm ™' peak corresponds to absorption by free groups, so that
nyg = Az.

The results of the fitting procedure are shown in Figures S45 and S46. The value of AICc for
the fit in Figure S45 is —497.4. The estimates of the model parameters for the fits in Figure S46
are InCy = —12.4 + 3 In[l/mol], ¢ = —6.5 £ 1.6kcal/mol, InCy = —2.9 + 0.3 In[l/mol]|, and
€2 = —1.8 £ 0.2 kcal /mol, with r# = 0.80 and 73 = 0.95.

1.8.3 Model 7s

In the case of the assumption Az = ¢ + 4K c? + 4K?c¢} (NHy groups in unimers, dimers and
trimers without ep-bonds) the fitting results shown in Figures S47 and S48 are found. The value of
the information criterion for the fit in Figure S47 is AICc = —501.7, and the estimates of the model
parameters given by the fits in Figure S48 are In C; = —14.4+2 In[l/mol], e; = —8.2+1.4kcal/mol,
InCy = —1.5 £ 0.3 In[l/mol], and €3 = —0.6 + 0.2 kcal/mol, with r§ = 0.9 and r3 = 0.69.

1.9 Model 8

In model 8, we allow only one bond per oxygen and one bond per NHy group, so all aggregates
are supposed to be linear. We also assume that the association equilibrium is described by two
association constants and there are no cyclic dimers. We suppose that the bond has energy €; if
the acceptor of donor molecule is free and ey otherwise (see Figure S49). It is worth mentioning
that this model does not change if we assume that the energy of the bond is defined by the bonding
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Figure S47: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 7s.
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Figure S48: Dependence of In K (triangles) and In K5 (circles) on 1/T for model 7s.

S37



I

b U S S
S A S S
=2 oj; oj; sz/o:Q
03; Lo,

5

Figure S49: Schematic representation of aggregates with size up to ¢ = 5 in model 8. Only
configurations corresponding to different energies are shown.

state of the donor group in the acceptor molecule. The number of free molecules will be denoted

by Ny, the number of molecules with one bonded hydrogen and free oxygen by N7, the number of

molecules with one bonded hydrogen and one bond per oxygen by N5, and the number of molecules

with one bond per oxygen and free hydrogens by N3. Then, the number of ways to form bonds is
NI12Ns+Nz (N Np)12N (N3 + Ny)12Ne

== 122
(N = N3 —No)l NyINg! NolNgl (122)

where the first factor is the number of ways to choose acceptors, the next factor is the number of
ways to choose donors for bonds with energy €1, and the following factor is the number of ways to
choose bonds with energy es.

Taking into account that N3 = N; and Ng = N — 2N; — N,, we have

NU(Ny + N,)122N1+2N:

== . (123)
(N —2N; — Ny)! (Nl) No!
Minimization of the free energy gives
Ni 5 = 5 (124)
4(Ny+ N2) (N —2N; — Ns) 4
No Ky
= —. 125
4 (N7 + N3) (N — 2N; — No) v (125)
In this model it is straightforward to guess that
¢ =4 K Ky (126)
Then, the total concentration can be calculated as
- 8cIK1 (1 —2¢1 K.
C:Zz’ci:cl—l— K ( 012 2). (127)
4 (1 — 401K2)
For the concentration of the free groups, ny = ¢ — n; — n2, we have
4K101
= ittt S 128
AR gy 7o (128)

1.9.1 Model 8m

Let us assume first that the 3530cm ™! peak corresponds to the out-of-phase vibrations of the NH,
group in free molecules. In this case, we put ¢; = Ax and substitute it into Equation 127.

The fitting results are shown in Figures S50 and S51. The quality of fit in Figure S50 can be
characterized by AICc = —501.5, and the estimates of the model parameters yielded by the fits in
Figure S51 are InC; = —12.3+2 In[l/mol], ¢ = —6.5+ 1 kcal/mol, In Co = 0.14+0.6 In[l/mol], and
€2 = 0.3 £ 0.5 keal /mol, with r = 0.89 and 73 = 0.18.
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Figure S50: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T' = 22°C with model 8m.
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Figure S51: Dependence of In K (triangles) and In K5 (circles) on 1/T" for model 8m.
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Figure S52: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 8g.
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Figure S53: Dependence of In K (triangles) and In K> (circles) on 1/7T for model 8g.

1.9.2 Model 8g

Next, it is assumed that the 3530cm ™' peak corresponds to absorption by free groups, so that
ng = Az.

The fitting results are shown in Figures S52 and S53. The value of the AICc parameter char-
acterizing the quality of fit in Figure S52 is —499.5, and the estimates of the model parameters
resulting from the fits in Figure S53 are InCy = —13.6 £ 3 In[l/mol], ¢ = —7.3 £ 1.6 kcal/mol,
InCy = —3.2 £ 0.4 In[l/mol], and €3 = —2.0 + 0.2 keal /mol, with r{ = 0.83 and 73 = 0.95.

1.9.3 Model 8s

In the case of the assumption Az = ¢; + 4K 1c§ (NH, groups in unimers and dimers without es-
bonds), the fitting results shown in Figures S54 and S55 are found. The quality of fit in Figure S54
can be characterized by AICc = —501.4. The estimates of the model parameters given by the fits in
Figure S55 are InC; = —14.2 £ 2 In[l/mol], ¢ = —7.9 + 1.4kecal/mol, InCy = —2.4 £ 0.3 In[l/mol],
and €3 = —1.3 £ 0.2 kcal/mol, with r} = 0.88 and 73 = 0.93.

1.10 Model 9

In this model, we allow two bonds per oxygen and only one bond per NHs group. We assume that
the energy of the bond is determined by the bonding state of the oxygen. If the oxygen forms only
one bond, then its energy is €1, and if it forms two then its energy is e5. This means that this model
is analogous to model 5 with the roles of the acceptor and donor group exchanged. Therefore, all
equations are the same, apart from the value of the number of free NHs groups. It is clear that in
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Figure S54: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T' = 22°C with model 8s.
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Figure S55: Dependence of In K (triangles) and In K5 (circles) on 1/T for model 8s.
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Figure S56: Fit of the dependence of the total concentration on the height of the 3530cm ™! peak
at T = 22°C with model 10g.

case of model 9 there is only one free group per each aggregate, so we have

_ 1—de Ky — /1 —8c1 Ky + 16¢3K7 — 16¢2K3
B 8c1 K2 '

ny (129)
We do not repeat the fitting for models 9m and 9s as these cases are equivalent to models 5m
and 5s.

1.10.1 Model 9g

We assume that the 3530cm™! peak corresponds to absorption by free groups, so that ny = Az.
The fitting results are not shown, because at higher temperatures they give a negative value of Kj.

1.11 Model 10

In this model, we allow two bonds per oxygen and only one bond per NHy group. We assume
that the energy of the bond is determined by the bonding state of the NHy group in the acceptor
molecule. If the hydrogen in the acceptor molecule is free, then the bond energy is €1; otherwise,
it is eg.

Therefore, this model is analogous to model 6 with the roles of the acceptor and donor groups
exchanged, and all equations are the same, the only difference being the value of the number of
free NHy groups. It is clear that, in the case of model 9, there is only one free group per each
aggregate, so we have

Kl (]. - 4K201 + \/]. - SClKQ)
2K2

+K22 (1 —8c1K2 + 83 K3 — /1 —8c1 Ky + 4¢1 Ka/1 — 8¢1 K>)
861K§ '

ny =c1 +
(130)

1.11.1 Model 10g

Here, we assume that the 3530cm ™! peak corresponds to absorption by free groups, so that n r=
Azx.

The results of the fitting procedure are shown in Figures S56 and S57. The quality of fit
in Figure S56 can be characterized by AICc = —501.1. The estimates of the model parameters
for the fits in Figure S57 are InCy = —11.3 £+ 2 In[l/mol], ¢; = —6.3 £ 1.0kcal/mol, InCy =
—4.24 0.5 In[l/mol], and ea = —2.4 £ 0.3kcal /mol, with 7# = 0.90 and 3 = 0.95.
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Figure S57: Dependence of In K (triangles) and In K5 (circles) on 1/T for model 10g.

1.12 Model 11

In this model we allow two bonds per oxygen and only one bond per NHy group. We assume that
the energy of the bond is determined by the bonding state of the acceptor in the donor molecules.
If the oxygen in the donor molecule is free then the bond energy is €1; otherwise, it is es.

Therefore, this model is analogous to model 7 with the roles of the acceptor and donor group
exchanged. All equations are the same, except for the value of the number of free NHy groups.
Again, as in the two previous models, there is only one free group per aggregate

. L= AKse - 8Koc? (Ko — K1) — \/1 — 8Kac; — 16K5 (K1 — Ka) 3
£ 8K2201 ’

(131)

1.12.1 Model 11g

Here we assume that the 3530cm ™! peak corresponds to absorption by free groups, so that n = Az.
However, in this case, the fits do not converge.

2 Selection of the best model

To compare the quality of fit of different models we use Akaike’s information criterion??3. It states
that the best model is that with the smallest value of

AIC =2k — 2In (L (A, Ky, K», 0)) (132)

where L (A, K1, Ks,0) is a likelihood function and k is the number of model parameters (4 in
two-parameter models and 3 in one-parameter models because o is also included in the context
of the likelihood function). The likelihood function for the model with parameters obtained by
minimization of the sum of squared deviations is usually written in the form

- 1(z;, A, K1, K»))?
exp{ — (yl mode (xzv ) 1, 2)) . (133)
202

1
L (AvKlaK270) = H?:l \/ﬁ
e

In this case, minimization of the sum of squared deviations is equivalent to maximization of the
logarithm of the likelihood function. Then, for the AIC value we have

(y: — model (2;))*
26 (134)

AIC =2k + nln (27) + nln (6°) +

:2k+nln(27r)+nlnR—SS +n,
n

where the estimate for & is 62 = RSS/n and the sum of the squares of the residuals is

RSS = 327, (i — model (z,))>.
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Figure S58: Dependence of dx on f for model Im at T = 22°C and in the limit of infinite
temperature.

For a finite sample size there exists the following correction:

2(k+1) (k+2)

AICc = AIC
¢ + n—-k—2 "

(135)
which is useful when we compare models with different number of parameters.

The relative probabilities of the two models with values of the information criterion given by
AIC; and AIC; respectively can be estimated as

<AICl — AICQ)
exp| —————

. (136)

So, if AIC; — AIC; = —501.7 + 493.9 = —7.8 then model with value AIC; is 49.4 times more
probable than the model with value AICs,.

3 dxup (f) dependences for a block copolymer with polyacry-
lamide in random mixing approximation

Let us do calculations of dxyp for a diblock copolymer with a polyacrylamide block based on

our models of hydrogen bonding association and the values of association constants deduced from

fitting IR data.

1d*fus (f)
2 do

First, the dependence of §x on f for models with one association constant is considered. The
graph for model 1m is shown in Figure S58. For other models, the plots appear qualitatively the
same, so they are not shown here. The largest absolute value of §x gy for one-constant models is
attained in the limit as f — 0 and Jx then monotonically decreases as the fraction of hydrogen-
bonding block increases. The decrease of dy with f is intuitively expected, since, if more neutral
segments are mixed in with the network of hydrogen-bonded segments, then more hydrogen bonds
need to be broken, and more energy needs to be spent in doing so. It can also be seen that changing
the temperature leads to a decrease of the maximal value of dx at f — 0, although this value is
still very high even at infinite temperature. It is also interesting to note that at f > 0.4 there is
no change in dy with temperature and that dx depends only on the volume fraction f.

In the case of models with two association constants, the behavior at small volume fractions
is qualitatively different. The dependence of dx on the volume fraction of the hydrogen-bonding
block calculated for model 6s at different temperatures is shown in Figure S59. As the temperature
is increased, a peak at a finite value of f appears, which moves to the right as the temperature
grows further. However, the behavior of dx at f > 0.4 is similar to the one-parameter models:
there is a gradual decrease of dx as the volume fraction of the hydrogen bonding block is increased
and little difference between the curves calculated for different temperatures. It is also interesting

dxup (f) = (137)
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to note that the values of §x for all good two-parameter models are close to each other not only
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Figure S60: Dependence of x on f for all good models at T"= 100°C.

qualitatively, but also quantitatively (see Figure S60).

It can be seen that our current predictions for dx of polyacrylamide are unrealistically high.
This is especially true for small values of f. However, these small values of f are in fact never
reached in polymer systems due to the non-randomness of mixing that we discussed above. In
addition, it is important to re-emphasize this analysis as just an initial step on the way to the
application of the association model approach to describe hydrogen bonding interactions in block

copolymers.
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