Finite-Region Stabilization via Dynamic Output
Feedback for 2-D Roesser Models

Dingli Hua!, Weiqun Wang!*, Weiren Yu?, Yixiang Wang?

! Mathematics, School of Science, Nanjing University of Science
and Technology, Nanjing 210094, Jiangsu, China
2School of Engineering & Applied Science, Aston University, UK
3School of Mechanical Engineering, Nanjing University of Science
and Technology, Nanjing 210094, Jiangsu, China

Abstract:  Finite-region stability (FRS), a generalization of finite-time stability (FTS), has
been used to analyze the transient behavior of discrete two-dimensional (2-D) systems. In
this paper, we consider the problem of FRS for discrete 2-D Roesser models via dynamic
output feedback. First, a sufficient condition is given to design the dynamic output feedback
controller with a state feedback-observer structure, which ensures the closed-loop system FRS.
Then, this condition is reducible to a condition that is solvable by linear matrix inequalities
(LMIs). Finally, viable experimental results are demonstrated by an illustrative example.
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1 Introduction

The two-dimensional (2-D) state-space theory was first introduced by Roesser [1]. Since then,
2-D systems have been widely studied in [2-7] with a proliferation of emerging applications
over the last few decades, including image processing, decoding, encoding, iterative learning,
repetitive processes and so forth. As such, the research on 2-D systems has been a hot area in
control field. Roesser model as one of the commonly used models of 2-D systems has attracted
much attention of many researchers, and many interesting findings on stability and control have
been obtained [8-13]. For example, Lam et al. [8] investigated the stabilization problem for
uncertain 2-D Roesser model via dynamic output feedback. Nachidi et al. [9] designed the
static output feedback controller for 2-D Roesser models. Results on Iy — [ stability analysis
were established for a class of 2-D nonlinear disturbed systems [10], which guarantees asymptotic
stability without external interference. Besides, Ahn et al. [13] solved the problems of dissipative
control and filtering for 2-D systems, by providing a sufficient condition to check asymptotic
stability and 2-D (Q, S, R) — « dissipativity. However, these results on stability or control were
associated with Lyapunov asymptotic stability (LAS).

Apart from LAS, recent years have also witnessed growing interests on finite-time stability
(FTS) for one-dimensional (1-D) systems. The concept of FTS was first introduced in [14], and
reintroduced by Dorata in [15] which is related to dynamical systems whose state does not
exceed some bounds during the specified time interval. It is important to note that FTS and
LAS are completely independent concepts. FTS aims at analyzing transient behavior of a system
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within the finite interval time rather than the asymptotic behavior within the infinite time. FTS
plays vital roles in many practical applications, for instance the problem of not exceeding some
given bounds for the state trajectories, when there exist some saturation elements in the control
loop; or the problem of controlling the trajectory of a spacecraft from an initial point to a final
point in a prescribed time interval. With the in-depth of research on FTS theory for 1-D systems,
many interesting results have come into play, see [16-23]. Among them, Amato et al. [21] used
a two-step procedure (state feedback design followed by observer synthesis) in the finite-time
stabilization problem for 1-D continuous-time linear systems.

In addition, the study of the finite region for discrete 2-D systems have been popping up.
In [24, 25], the concept of finite-region stability (FRS) as the extension of FTS in 1-D systems
case to discrete 2-D systems was put forward, and finite-region stabilization of these discrete
2-D models in the state feedback case was investigated. In practice, the system state is often
unknown or cannot be directly measured. Therefore, it is necessary to study the dynamic output
feedback stabilization problem, and consider designing an observer to estimate the state. For
1-D systems, the problem of observer-based dynamic output feedback is challenging because of
the coupling of the observer design and the controller design, not to mention 2-D systems.

In this paper, motivated by literature [21], we focus on the finite-region stabilization for dis-

crete 2-D Roesser models via dynamic output feedback. We first introduce a Luenberger observer
with a state feedback controller, which is a special dynamic output feedback controller. Then we
get a closed-loop system that treats the state estimation errors as external perturbations, and
the boundedness condition of the external perturbations can be guaranteed by Theorem 3.1 in
[25]. In this way, the problem of finite-region stabilization for discrete 2-D Roesser models via
dynamic output feedback is converted into the problem of designing an observer to guarantee the
closed-loop system finite-region boundedness (FRB). Furthermore, we give a generic sufficient
condition and a sufficient condition that is solvable by linear matrix inequalities (LMIs) for the
existence of such an dynamic output feedback controller that guarantees the closed-loop system
to be FRS.
Notations N7 denotes a set of positive integers, R™ is the n-dimensional space with inner
product z7y. A > 0 means that the matrix A is symmetric positive definite. A7 denotes
the transpose of matrix A, I represents the identity matrix. A(A) denotes the eigenvalue of
A, Amax(A) is the maximum eigenvalue of A and Apin(A) is the minimum eigenvalue of A. x
represents the symmetric terms in a matrix.

2 Preliminaries and problem statement

In this paper we consider the following 2-D discrete-time linear system in the Roesser model:

y(i,4) = Ca(i, ), )
h(;: hos 1.4
where z(i,j) = z”g?j; € R" is the state vector, x*(i,j) = ivx ;4_"3 , u(i,j) €

RP is the 2-D control input vector, and y(i,7) € R? is the 2-D output vector, z¢(i,j) =



h .
(0,5) is the boundary condition, 7, j are the horizontal and vertical discrete variables;

x¥(i,0)
A= A Az , B= By and C' = [ C1 O } are constant real matrices with appro-
A1 Aso 2

priate dimensions.
Define the finite-region for discrete 2-D Roesser model (1)-(2) as follows:

Ip=1) x I, = {(z,])\O <i:< 1,0 <5< Iy, 11,15 € N+}. (3)
For 1-D discrete systems, the concept of FTS is given below.

Definition 2.1. [20] Given three positive scalars c1, co, M, with 0 < ¢; < co, M € N*, and a

positive definite matriz R, the discrete-time linear system
z(k+1) = Ax(k), z(0) =z
is said to be FTS with respect to (¢1,co, M, R), if
a2l Rrg < ¢ = 2T (k)Ra(k) < o, ke {l,--- ,M}.

It is worth noting that the concept of finite-time boundedness (FTB) was first given in
[26, 27] when one deals with the FTS of 1-D linear systems in the presence of nonzero exogenous
perturbations.

The definitions of FRS and FRB for 2-D discrete systems given in [25] are different from
those of FTS and FTB for 1-D systems. Thus, we slightly change the definitions of FRS and
FRB for 2-D systems, to keep their forms consistent with the definitions of FTS and FTB for
1-D systems.

Definition 2.2.  Given two positive scalars c1,ca, with ¢y < co, Iy, where Iy is defined in (3),
and positive definite matriz R, where R = diag{ Ry, R2}, R1 > 0, Ry > 0, the system (1) with

zero input:
o ¥(i,5) = Ax(i,j), @o(i, ) (4)
is said to be FRS with respect to (c1,ca,Io, R), if
g (4, /)R (i, §) < e1 = 27 (i, j)Ra(i, j) < c2, (i, ) € L.

Considering that the exogenous perturbations influence system (4), further, we introduce
the following system

As usual, we impose the following restrictions on exogenous perturbations.
Assumption 2.1 Assume that the external perturbation w(i,j) of system (5) satisfies the
following condition:

3d>0 st wl(i,5)Rw(i,j) <d, Y(i,7) € . (6)



Definition 2.3. Given three positive scalars ci,co,d, with ¢1 < co, Iy, where Iy is defined in
(8), and positive definite matriz R, where R = diag{ R1, R2}, R1 > 0, Ry > 0, the 2-D Roesser
model (5) is said to be FRB with respect to (c1,ca, Lo, R, d), if

x5 (i, j)Reo (i) < er = a” (i, ))Ra(i, j) < ea, V(i j) € Io,
for all w(i, j) satisfying Assumption 2.1.

In this paper, we will study the finite-region stabilization issue for discrete 2-D Roesser mod-
els via dynamic output feedback. First consider the general dynamic output feedback controller
of the given discrete 2-D system (1)-(2):

§7(i,5) = Ack(i,5) + Bey(i, §), &o(i,j) =0, (7)
u(i,j) = C(i,5) + Dey(i, j), (8)
o hi+1,5 o h(i, j o "0,
where €5.4) = | G071 | €G) - [gg ) ] fofi. ) = [2% ) ] and A, =
Aei Ac1z , B, = Bea , Co. = [Ceq,Ce2) and D, are constant real matrices with
Acor Ao B.o ’ ’

appropriate dimensions.
Together with the system (1)-(2) and the controller (7)-(8), then

2™ (i, j) = (A+ BD.C)x(i, j) + BC&(i,j), wo(i, ), (9)
§7(i,5) = BeCa(i, §) + Ack(i, 5), &oli, j) = 0. (10)

Remark 2.1 Systems (9)-(10) are well posed. Given controller (7)-(8), for any initial condition
xo(i, §) with 23'(i, j)Rzo(i,§) < 1 and &(i,§) = 0, £(4,7) is unique and it makes sense to let
€7 (i, ))RE, 5) < d.

Clearly, the problem of finite-region stabilization for system (1)-(2) via dynamic output

feedback is now simplified to the FRB problem of system (9). And this issue can be specifically
described as the following problem.
Problem 2.1 Given three positive scalars ¢, o, d, with ¢; < ¢a, Iy, where I is defined in (3),
and a positive definite matrix R, where R = diag{R1, R2}, R1 > 0, Ry > 0, our goral is to find
a dynamic output feedback controller in the form (7)-(8) such that 2-D discrete system (1)-(2)
under the input (8), i.e. system (9), is FRB with respect to (c1, c2, Iy, R, d).

In general, it is quite difficult to design a generic dynamic output feedback controller (7)-(8)
for discrete system (1)-(2). Fortunately, a two-step procedure for designing a dynamic output
feedback controller of 1-D linear systems has been proposed in [21]. In light of this, we next
design a specific one for discrete 2-D Roesser model. The existence of such a controller ensuring
the closed-loop system FRS can be studied by using finite-region stabilization via state feedback.

First, we introduce the Luenberger observer [28] of system (1)-(2):

€7(i,4) = A&(i,J) + Bu(i,j) + L(C&(i,5) — y(i,5)) , (i, 5) =0, (11)

Ly

where L =
2

] is the observer gain matrix with approximate dimensions.
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Now we feedback the state estimation via the state feedback controller
u(i,j) = K&(i, 5). (12)

Note that when the state feedback controller K exists, it can be designed by employing
the method given in Theorem 3.3 of [25]. Therefore, it is reasonable to make the following
assumption.

Assumption 2.2 There exists a state feedback controller u(i,j) = Kuz(i,7) such that the
closed-loop control system of discrete 2-D system (1) is FRS, where K = [K7, K3].

If such an observer gain L in (11) exists, the corresponding controller (11)-(12) is a dynamic
output feedback controller (7)-(8), where A, = A+ BK + LC, B.= —L, C. = K and D, = 0,
then the closed-loop state equations (9)-(10) become the following form

Let the state estimation error be e(i, j) = (i, j) — &(7, ), then the state equations (13)-(14)
can be translated into the form based on estimation error

with
6+(i,j) = (A+ LC)@(Z,]), eO(ivj) = {L'()(Z,]) (16)

Therefore, the system state evolution can be codetermined by the matrix A + BK and the
behavior of external input e(i, j). If e(i, 7) = 0, it follows from Assumption 2.2 that the system
(15) is FRS. If e(7, j) # 0, there exists inaccurate state estimation, and the existence of a nonzero
estimation error may destroy the FRS of closed-loop system 27 (4, j) = (A+ BK)x(i, j) obtained
by the state feedback controller. In this case, we need to study the FRB problem of system
(15), which treats error-term system (16) as external perturbations. Note that if the error-term
system (16) is FRS in given finite-region Iy, then for given two constants c;,d, with ¢; < d,
a positive definite matrix R, and the initial condition z (i, j)Rzo(4,5) < c1, the error e(i, )
satisfies e’ (i, j)Re(i,7) < d.

Based on the above discussion, our goal is to design an observer gain L in (11) such that
the system (15) is FRB for all admissible estimation error (16). To summarize, Problem 2.1 can
boil down to the following problem.

Problem 2.2 When there exists a finite-region stabilizable system (1) via state feedback, we
find an observer gain L such that system (15) is FRB with respect to (c1, 2, o, R, d).

3  Main results

The following theorems give the sufficient conditions for the solvability of Problem 2.2.

Theorem 3.1. Given system (15)-(16) and three positive scalars c1,ca,d, with ¢1 < c,¢1 < d,
there exist nonnegative scalars 0 < n < 1, «y, symmetric positive definite matrices Py, Q;, and

symmetric matrices M;, where | = 1,2, such that



—a P~ 0 0 AP+ KTBTP, |
—a1Q- AT CTM —-KTB,Tp
* a1Q 17 Q1+ 1 1P <0, (17)
* * —Q1 0
* * * —P
— P 0 0 AP+ KTB,TP, |
—aQ_ AT CT M. —KTB,"P.
* Q) 2" Q2 + 2 2" 12 <0, (18)
* * —Q2 0
* * * —-P
P 0 0
where Ay = [A11, A1a], A2 = [A1, A, P = ' 1 , Q7 = o 1 , Poo=
1p L
att 0 and Q_ = a@ 0 .
* P * Q2
ii)
QpT)C1 <>\max(P1) + Amax(Ql)) + IlOé(](l - 77) <>\max(P2) + )\max(Q2)
< nea, (19)

Oé(](l - 77)61 </\mam(ﬁ2) + Amax(é;)) + I2a077 <)\max(ﬁ1) + Amax(él))
<(I=mnec2, (20)

~ _1 1 _1 _
where ag = maz{l, 01", a2}, P, = R *PR,*, Q=R *QR,* 1=12.
In this case, the discrete system (15) is FRB with respect to (c1, ca, Iy, R, d), and the dynamic
output feedback controller which makes the system (1)-(2) FRS has the structure (11)-(12) with

L 0 M
L=Q 'M, where L = ! , Q= @ L
L M,

D=

,cmdM:[

2 * 2

Proof. First, using Schur complement lemma, we produce an equivalent form of (17) and (18).

By Schur complement lemma [29], the condition (17) is equivalent to

(A1 + B1K)TP(A) + B1K) — a1 P~ — (A1 + BIK)TPLB1K 0
* (BlK)TplBlK —o1Q~ (QlAl + M1C)T < 0.
* * —Q1
(21)
Re-applying Schur complement lemma [29] to (21) produces
(A + BlK)Tpl (A1 + B1K) — a1 P~
—(B1K)T P (A + B1K)
—(A1 + BiK)TP B1K
L+ BiK) By <0. (22

(B1K)TPIB1K + (Q1A1 + MiC)T Q1 1 (Q141 + MiC) — a1 Q™



Similarly, applying Schur complement lemma [29] twice to the condition (18) yields

(A2 + BQK)TPQ(AQ + BQK) —agP_
—(BoK)T Py(Ay + BoK)
—(Ay 4 BoK) ' P,B K

0. 23
(BoK)TPyByK + (Q2As + MaC)T Qo1 (QoAs + MoC) — cn@— = (23)

Let My = Q1L; and My = Q2Lo, the conditions (22)-(23) can be rewritten as

(A1 + BIK)TPi(Ay + B1K) — a1 P~
—(B1K)TP (A + B1K)
—(Ay + BIK)TPB|K ] 0 (24
(BiK)TPiB1K + (A1 + LiC) T Q1(A1 + L1C) — a1 Q™ ’
(Ag + BoK)T Py(Ag + BoK) — agP_
—(BoK)TPy(Ag + BoK)
—(Ay + ByK) P ByK ] 0 (25)
(BoK)TPyBo K + (A + LaC) ' Qa(Az + LoC) — anQ— '

Second, we derive the recursive relations of the weights of state variables.

+ . . . . . .
For simplicity, let = (1,4) = | =, "9 |, 26,) = | ") | and soi ) = | 69 |
e (i, 4) e(i, j) o (i, J)
Then, the system (15)-(16) reduces to

A+BK -BK
) = ), ), 06
i,7) 0 A+t LC 2(i,7), 20(i,J) (26)

Next, we define the Lyapunov functions of system (26) as follows

VG = ) | 51 ] (0, ),
Vo (60 =20 | 52 ] 2(0.5),




h . . v/ .
where 2" (i, j) = [ xh(z,j) , 2V (1, 7) = [ v (Z’j’) . Then it follows that
e (i, e”(i,j
hy/- . hy- - T /- - CLP2 0 v/
Viz* (i +1,5)) —aaVi(z" (4, 7)) — a1z (,5) | 2 ° 2°(i,J)
7Q2
T, N . . T, .| P 0 . AP
:zh (Z+ 17]) ' ] Zh(z+ 17]) _alzh (27]) ' ] Zh(Z,]) — a1z T(Zvj)
* Q1 * Q1
1
=P 0 v
“ 1 2"(i,7)
* 3Q2
) (A; + B1K)T 0 P 0 A1+ B K —-BK )
' —KTBlT (A1 + L10)T * Ql 0 A+ L C ’
.| P 0 .
— 2" (i, j) %)
* OélQ

(A1 + BlK)Tpl(Al + BlK) — Oélp_
—K"B,"P,(A, + B1K)
—(A, + BIK) P B K ). (@)
Z ) M
(B1K)TPiB1K + (A1 + LiC)T Q1 (A1 + L1C) — Q™

=2"(i, )

P 0 _ Q1 0
1 ) Q -
* EP2

Similarly, we can obtain the following equation

where A = [All,Alg], P~ =

T

1
Va(2"(i, j +1)) — a2Va(2" (i, 5)) — az2"" (i) L ]Zh(iaj)

(A2 + BQK)TPQ(AQ + BQK) —agP_
~KTByTPy(Ag + BoK)

—(As + BoK) Py By K o
T T 2(i,5), (28)
(BQK) PyBy K + (Ag + LQC) QQ(AQ + LQC) — Q)

andQ_:léQ1 0 ]

=2"(i,§)

1
b 0

* P

where A2 = [Agl, AQQ], P =
* Q2

The condition (24) implies that, for all (4,7) € Iy and e”'(4,7)Re(i,j) < d, (27) < 0, that is

o &P 0 o
VPG 1L0) < WG @) | 50,0 |26 )
a2
Similarly, it follows from (25) and (28) that
1
. v T, .| =P 0 .
Va(2(i,j + 1)) < 0aVa(2"(i,5)) + a2™ (i,5) | L0 ]Zh(laj)- (30)
7@




For (29) and (30) iterations, we have

- o s 0 o
Vi(z"(4, 7)) <anVi(z"(i — 1,5)) + an 2T (i — 1,5) | e ° ! 2'(i—1,7)
* 3Q2
2 h 2 E oT LPg 0 ]
<aq Vl(Z (2_27]))+Za1 2" (Z_k7]) 2 1 zv(Z_k7])
k=1 * gQ2
i h . - k_vT /- . LP2 0 v
<ag VYI(Z (07]))+Za1 z (Z_k7]) 2 1 z (Z_k7])
k=1 * EQ2
i hT . Pl 0 h . ! k vT /- . LP2 0 iy .
=ay1 2 (07]) z (07])+ a1z (Z_k7]) 2 z (Z_k7])
* Q1 ] ,; * 3Qo

7
~

<oy’ <Amax(P1) - Amax(§1)> 2" (0,5) Ry (0,5) + 3 en” <iAmaX<52>
C2

k=1
. N, 1L N Ty . vy .
2T (i — k, j)Rox® (i — k, j) + E/\max(Q2)e T(i =k, j)Roe® (i — k:,])) . (31)
Based on Theorem 3.2 in [25], we obtain that ehT(i,j)Rleh(i,j) < nd and T (i, j)Rae® (i, j) <

(1—n)d when initial condition z"(0, ) satisfies :EhT(O,j)Rlznh(O,j) < nep < nd, where 0 < n < 1.
Therefore, inequality (31) is translated into

. ~ ~ 1 ~ T . v/ .
W(Zh(iyj)) <agpncy <)\max(P1) + Amax(Ql)) + Ilao <C_)\maX(P2)x T(Z - kv])R}T (Z - k,])

‘- n)AmaX@”Q)) , (32)

where ag = max{1, a1, a2},

On the other hand,

Vi (21(0:9)) = Amin (PO (0 ) Raa® (0, ) + Ain (@) (0, /)@ ¢ ()

> Amin(P)z"" (i, ) Ruz (i, 7). (33)

From (32) and (33), we have

. T <é)\maX(P2)x”T(i —k,j)Roz®(i — k,7) + (1 — n)Amax(Q2)>
2" (i, ) Raa" (i, §) <

)\min(Pl)

QoT)C1 <)\max(ﬁl) + Amax(él))
+ _ . (34)
/\min(Pl)




Using the same method for V2(2"(7, 7)), we have

Tao <gAmax<ﬁl)th<z‘,j — )Rya"(i,j — 1) + nAmaX(QNo)
2T (i, j)Rya® (i, §) < =

/\min(P2)

ool — n)er (Amaxu%) n Amax<c52>)
+ _ . (35)
/\min(P2)

Finally, we will use mathematical induction to prove the following conclusion: for given

j € Iy, if a:hT(O,j)Rla:h(O,j) < necyp < neg, 0 < n < 1, there exist two inequalities
T, . .
‘,L'h (Zvj)Rlxh(Zvj) < nca, (36)
(i, j) Raa” (i, ) < (1 = 1)ea. (37)

Setting ¢ = 0 in (35), we have

2"1(0, j)Ra" (0, )
IZQOTI <)\max(ﬁl) + Amax(él)) + Oé()(l - TI)Cl <)\max(ﬁ2) + )\max(é;))
< — . (38)
Amin(P2)

It follows from condition (20) that
270, j) Raa(0,5) < (1 = n)es. (39)

Setting ¢ = 1 in (34) and using (39) and the condition (19), we have

~ ~ ~

Ila0(1 - 77) )\max(P2) + )\max(Q2) + QpT)C1 )\max(Pl) + )\max(QNl)
(L) Ria" (1) < ( > < )

/\min (Pl )
<nca. (40)

It is easy to obtain from both (40) and condition (19) that

2T (1L ) Roa®(1,4) < (1= m)es. (41)
Suppose that the result (36) holds for 0 <1 < I} — 1. By direct calculation, we can obtain that
2T (i, ) Rax®(i,5) < (1 — n)cy also holds for any 0 < i < I — 1. Next we only need to prove

T, . . .
that 2" (Iy, j)Riz"(I1, 7) < nea and 2°7 (11, j) Rex¥ (11, 7) < (1 —n)co.

10



For fixed ¢ = I7, we have

~

. Loy (é)\max(fb)xUT(Il —k, j)Rox® (I — K, j) + (1 — n))\max(Q2)>
(I, ) Raa (1, ) <

~

)\min(Pl)

QoT)C1 <)\max(ﬁl) + Amax(@l))
+

)\min(ﬁl)
apTr)cy <)\max(ﬁl) + Amax(él)) + Ila()(l - 77) <)\max(ﬁ2) + )\max(é;))

~

)\min(Pl)
<nca, (42)

<

and
2T (11, ) Rox¥ (11, 5) < (1 — n)ca.

Hence, for any (i,j) € Iy, the results (36) and (37) are satisfied.
Therefore,
o . T, . o oTre o
:ET(Z)])R:E(ZvJ) = ‘,L'h (Z7])R1$h(27]) +T T(Z,])Rgﬂj‘ (27]) <

for all (i,j) € Ip. This implies that the discrete 2-D system (15) is FRB with respect to
(c1.c2, Ip, R,d), and the proof is completed. O

It should be pointed out that the conditions ii) in Theorem 3.1 are not LMIs conditions. To
use LMI toolbox of Matlab to find the feasible solution, we impose additional conditions on the
conditions ii) in Theorem 3.1, which produces the following LMIs based feasibility problems

il < ﬁl < N2l 0< Qvl < Nzl [=1,2, (43)
agner (A2 + Aig) + Liao(1 — n) (Aa2 + A23) < neadin, (44)
ag(l —n)er (Ao + A23) + Inagn (M2 + A1) < (1 —n)eadar, (45)

where A1, Aj2, A\j3 are positive numbers.
It is easy to verify LMIs conditions (43)-(45) can guarantee the conditions (19)-(20) hold.
Therefore, the FRB of 2-D system (15) can be obtained via the following theorem.

Theorem 3.2. Given the system (15)-(16) and (c1,c2,Ip, R,d), fit oy > 0, 0 < n < 1, and
find symmetric positive definite matrices P, @Q;, symmetric matrices M; and positive scalars
i1y N2, Aig satisfying the LMIs (17), (18), (43), (44) and (45), where | = 1,2. If the problem is
feasible, the discrete system (15) is FRB with respect to (c1,ca, Lo, R, d), and the dynamic output
feedback controller (11)-(12) with L = Q~'M solves the FRS problem of system (1)-(2).
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Example 3.1. In [30], Marszalek pointed out that some dynamical processes in gas absorption,
water stream heating and air drying can be described by the Darboux equation:

O?s(z,t)  Os(x,t) 0s(x,t)
A TR

+ aps(x,t) + bf (x,t), (46)

where s(z,t) is an unknown function at z (space) € [0,z¢], and ¢ (time) € [0, o], ag, a1, az and
b are real coefficients, and f(x,t) is the input function.

In [31] the partial differential equation (PDE) model (46) was converted into a 2-D Roesser
model of the form (1)-(2), where

bAx
0

1+ aAz (ajag + ap)Az

A=
At 1+ asAt

)

and C' = [C1,C5]. Now let ag = 37.9, a1 = 2.7, ap = —12, b = =20, Az = 0.2, At = 0.05,
Cy1 =10, Cy = 15, then

A=

1.54 1.1 —4
0.06 04 ] ' [ 0 ] » 0= 110,19

Suppose that R = I, Iy = I} x I, = [0,5] x [0, 5], ¢1 = 0.7, ¢co = 20, d = 1 and 2"*(0, j) = 0.76,
x¥(i,0) = 0.26.

When control input u(i, ) = 0, it is easy to check that the weighted-state 27 (i, j)Iz(i, j) >
20, see Figure 1, then open-loop system is not FRS with (0.7, 20, [0, 5] x [0, 5], ) with the initial
condition z"(0, j) = 0.76, %(i,0) = 0.26.

In the following, we design a dynamic output feedback controller such that the closed-loop
system is FRS.

First, we devise a state feedback controller K, which ensures the system x*(i,5) = (A +
BK)xz(i,j) FRS.

According to Theorem 3.3 in [25], let ¢; = 0.58, ¢, = 0.07, with ¢, + ¢, < ¢; = 0.7,
¢ =cy= 20, n = 0.9, using LMI toolbox of Matlab, the conditions are feasible with all = 1.05,
a’2 = 1.10, ﬁi = 35.5, 5/2 = 3.45, and the state feedback controller is

K = [0.3850,0.2750]. (47)

Next, we design an observer gain L to guarantee the system (15) FRB.
By employing LMI control toolbox and Theorem 3.2, a feasible solution of the LMIs (17)-(18),
(43)-(45) with n = 0.9, aq = 1.05, ag = 1.06 can be derived as follows

p_ | 71720 0 ] oo [ 929962 0 ] M [ —2.6483 ] |

* 105.5938 * 32.3899 —0.5877

Thus, we can obtain

Lo | 01188
—0.0181 |’
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Figure 1: Weighted-state before stabilization  Figure 2: Weighted-state after stabilization

Hence the dynamic output feedback controller that stabilizes the system (1)-(2) in finite-
region can be obtained as (7)-(8) with

A=
—0.1310 0.1285 0.0181

—1.1880 —1.782 11
880 —1.7820 ] , B,= [ 01188 ] . C.=1[0.3850,0.2750], D, =0.

Figure 2 shows the weighted-state 27 (i,j)Rx(i,7) of closed-loop system with the initial
condition 2"(0, j) = 0.76, z%(i,0) = 0.26.

4 Conclusions

In this paper, the problem of finite-region stabilization for discrete 2-D Roesser models via
dynamic output feedback has been studied. By designing a dynamic output feedback controller
having a state feedback-observer structure, we get a closed-loop system that treats the state
estimation errors as external perturbations. Then, the problem is translated into the problem
for designing an observer to guarantee the closed-loop system FRB. Finally, we give two sufficient
conditions for the existence of such a dynamic output feedback controller that guarantees the
closed-loop system to be FRS. Further, this problem can also be studied in a similar way for
other models of discrete 2-D systems.

Acknowledgements

This work is supported by National Natural Science Foundation of China (Grant no.61573007).

References

[1] Roesser R. A discrete state-space model for linear image processing. IEEE Transactions
on Automatic Control 1975; 20(1):1-10.

13



2]

[12]

[13]

[14]

Fornasini E, Marchesini G. State-space realization theory of two-dimensional filters. I[EFE
Transactions on Automatic Control 1976; 21(4):484-492.

Kaczorek T. Two-Dimensional Linear System. Springer-Verlag, 1985.

Hu GD, Liu M. Simple criteria for stability of two-dimensional linear systems. [IEEFE
Transactions on Signal Processing 2006; 53(12):4720-4723.

Singh V. Stability analysis of 2-D linear discrete systems based on the Fornasini-Marchesini
second model: Stability with asymmetric Lyapunov matrix. Digital Signal Processing 2014;
26(1):183-186.

Ahn CK, Wu L, Shi P. Stochastic stability analysis for 2-D Roesser systems with multi-
plicative noise. Automatica 2016; 69:356-363.

Trinh H, Hien LV. On reachable set estimation of two-dimensional systems described by
the Roesser model with time-varying delays. International Journal of Robust & Nonlinear
Control. DOI: 10.1002/rnc.3866.

Lam J, Xu S, Zou Y, Lin Z, Galkowski K. Robust output feedback stabilization for
two-dimensional continuous systems in Roesser form. Applied Mathematics Letters 2004;
17(12):1331-1341.

Nachidi M, Tadeo F, Hmamed A, Alfidi M. Static output-feedback controller design for two-
dimensional Roesser models. International journal of sciences and techniques of automatic
control and computer engineering 2008; 2(2):738-747.

Ahn CK. Iy — Iy elimination of overflow oscillations in 2-D digital filters described by
Roesser model with external interference. IEFEE Transactions on Clircuits and Systems
2013; 60(6):361-365.

Ghous I, Xiang Z. Robust state feedback H., control for uncertain 2-D continuous state
delayed systems in the Roesser model. Multidimensional Systems & Signal Processing 2016;
27(2):297-319.

Bachelier O, Yeganefar N, Mehdi D, Paszke W. On stabilization of 2D Roesser models.
IEEE Transactions on Automatic Control 2017; 5(62):2505-2511.

Ahn CK, Shi P, Basin MV. Two-dimensional dissipative control and filtering for Roesser
model. IEEE Transactions on Automatic Control 2015; 60(7):1745-1759.

Kamenkov GV. On stability of motion over a finite interval of time. Journal of Applied
Mathematics and Mechanics 1953; 17:529-540(in Russian).

Dorato P. Short time stability in linear time-varying systems. Proceedings of the IRE
International Convention Record Part 4, New York, USA, 1961, 83-87.

Amato F, Ariola M, Cosentino C. Finite-time stability of linear time-varying systems:
analysis and controller design. IEEE Transactions on Automatic Control 2010; 55(4):1003—
1008.

14



[17]

[22]

[23]

[28]

[29]

[30]

Cheng J, Zhu H, Zhong S, Zhang Y, Li Y. Finite-time H,control for a class of discrete-
time Markovian jump systems with partly unknown time-varying transition probabilities
subject to average dwell time switching. International Journal of Systems Science 2015;
46(6):1080-1093.

Haddad WM, L’Afflitto A. Finite-time stabilization and optimal feedback control. IEEFE
Transactions on Automatic Control 2016; 61(4):1069-1074.

Amato F, Ariola M, Dorato P. Finite-time control of linear systems subject to parametric
uncertainties and disturbances. Automatica 2001; 37(9):1459-1463.

Amato F, Ariola M. Finite-time control of discrete-time linear systems. IEEE Transactions
on Automatic Control 2005; 50(5):724-729.

Amato F, Ariola M, Cosentino C. Finite-time stabilization via dynamic output feedback.
Automatica 2006; 42(2):337-342.

Xu J, Sun J. Finite-time stability of linear time-varying singular impulsive systems. [ET
Control Theory and Applications 2010; 4(10):2239-2244.

Liu B. Finite-time stability of CNNs with neutral proportional delays and time-varying
leakage delays. Mathematical Methods in the Applied Sciences 2017; 40(1):167-174.

Zhang G, Wang W. Finite-region stability and boundedness for discrete 2-D Fornasini-
Marchesini second models. International Journal of Systems Science 2016; 48(4):778-787.

Zhang G, Wang W. Finite-region stability and finite-region boundedness for 2-D Roesser
models. Mathematical Methods in the Applied Sciences 2016; 39(18):5757-5769.

Amato F, Ariola M, Abdallah CT, Dorato P. Dynamic output feedback finite-time control
of LTI systems subject to parametric uncertainties and disturbances. 1999 Furopen Control
Conference, 81 Aug.-3 Sept., Karlsruhe, Germany.

Amato F, Ariola M, Abdallah CT, Dorato P. Finite-time control for uncertain linear systems
with disturbance inputs. In: Proceedings of the 1999 American Control Conference, San
Diego (CA), June 1999, 1776-1780.

Li X, Yang C. A necessary and sufficient condition of a class of asymptotic observer on the
two-dimensional linear system. Control theory and applications 1997; 14(6):853-856.

Boyd S, Ghaoui L-El, Balakrishnan V. Linear Matriz Inequalities in System and Control
Theory. SIAM, Philadelphia, 1994.

Marszalek W. Two-dimensional state-space discrete models for hyperbolic partial differen-
tial equations. Applied Mathematical Modelling 1984; 8(1):11-14.

Du C, Xie L, Zhang C. H,, control and robust stabilization of two-dimensional systems in
Roesser models. Automatica 2001; 37(2):205-211.

15



