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The formation of single-soliton or bound-multisoliton states from a single linearly chirped Gaussian pulse in
quasi-lossless and lossy fiber spans is examined. The conversion of an input-chirped pulse into soliton states is
carried out by virtue of the so-called direct Zakharov–Shabat spectral problem, the solution of which allows one
to single out the radiative (dispersive) and soliton constituents of the beam and determine the parameters of
the emerging bound state(s). We describe here how the emerging pulse characteristics (the number of bound
solitons, the relative soliton power) depend on the input pulse chirp and amplitude. © 2007 Optical Society of
America
OCIS codes: 060.5530, 190.5530.

1. INTRODUCTION
Integrable nonlinear systems have a special role in modern mathematics, physics, and various practical applications. In the context of nonlinear optics, the nonlinear
Schrödinger equation (NLSE) [which is an example of a
widely applicable and thoroughly studied integrable nonlinear model solved by the inverse scattering transform
method1 (IST)] has played an important part in modeling
signal propagation in single-mode optical fibers.2–5 Since
the NLSE possesses stable soliton solutions, it was proposed to use soliton pulses for optical data transmission
and storage (see, e.g., Refs. 2, 4–7 and references therein).
Some recent examples of applications of optical solitons
in these areas include all-optical regeneration using conversion of return-to-zero (RZ) signals into conventional
solitons8,9 and all-optical picosecond-pulse packet buffers
based on four-wave-mixing loading and intracavity soliton control.10 It was shown in Refs. 8 and 9 that the efficiency of carrier signal control can be enhanced by periodic conversion of an RZ signal into a classical soliton.
The benefit of RZ signals [e.g., dispersion-managed (DM)
solitons] to fundamental soliton conversion is that the
stabilization of conventional solitons is more efficient
compared with an arbitrary RZ pulse. The practical use of
true NLSE solitons, however, requires that fiber loss is
compensated exactly along the fiber span by distributed
amplification.
Recently, such a quasi-lossless fiber span has been
designed11,12 and experimentally implemented11,13 using
an amplifier scheme that combines second-order bidirectional pumping and fiber Bragg grating reflectors at the
secondary pump wavelength, which effectively converts a
0740-3224/07/061254-8/$15.00

transmission span into an ultralong laser. It has been
demonstrated experimentally11,13 that this scheme allows
one to effectively achieve quasi-lossless transmission over
span lengths up to 75 km with virtually zero signal power
variation. This result has paved the way for the practical
implementation of integrable nonlinear systems in optical
fiber devices. In practical terms, the quasi-lossless regime
is modeled here by the ideal lossless NLSE, so in what follows, we will not distinguish between the two.
In this paper, we revisit the problem of pulse-to-soliton
conversion in both lossless and lossy fibers. We consider
conversion of a linearly chirped Gaussian pulse—the
waveform, which is especially important for a variety of
fiber-optics applications. For example, in the optical regeneration technique, a standard chirped-RZ signal (well
approximated by chirped Gaussian pulses) is converted
into the NLSE soliton for efficient filtering and then
launched again into the fiber line.8,9 Also it is a known
fact among the experimentalists that it is quite difficult to
control the chirp for sech-shaped input pulses. Therefore
if one tries to produce supersoliton inputs N sech t with
large N, the chirp becomes uncontrollable and difficult to
quantify. On the other hand, Gaussian pulses can be easily produced and controlled, which makes them perfect
candidates for the soliton sources. Another important reason why we picked Gaussian pulse shapes in the first
place is that the shape of a DM soliton is often quite close
to Gaussian. Therefore if one wishes to use the quasilossless loop as a storage facility for DM solitons, it is crucial to investigate how the DM pulse shape transforms
into the integrable nonlinear Schrödinger solution and
back.
© 2007 Optical Society of America
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It is worthwhile now to clarify some terminology. Historically, in the context of the NLSE, the term “bound
states” (breathers) was introduced in the original paper
by Zakharov and Shabat.1 It has become a common term
ever since and is widely used throughout the literature
dedicated to the NLSE. In IST, the term bound states is
generally understood in a sense that the individual solitons in the pulse do not disperse and remain localized
(bound). It is more typical, however, in nonlinear science,
to use this term for structures having nonzero binding energy. In this paper, we will nevertheless stick to the first
definition and will use the term “bound-multisoliton
state,” although these structures technically have zero
binding energy.
Note that the problem of conversion of the pulses having different shapes into NLSE solitons has already been
studied in various contexts, both analytically and
numerically,14–28 including the study of chirped Gaussiantype input pulses. Let us recall some of these results, in
order to clarify what is new in our studies. The authors of
Ref. 14 were the first who addressed the problem of the
formation of multisoliton states emerging from chirped
input pulses in the NLSE. Using the numerical solutions
of the associated direct Zakharov–Shabat scattering
problem1 (ZSSP) attached to the NLSE (the input pulse
profiles play the role of “potentials” for the associated
ZSSP), they inferred that the area theorem giving the
minimal value of the area of the monotonic unchirped input profile sufficient to create a soliton state, was no
longer valid for the chirped profiles. The authors of Ref.
14 also studied the multisoliton conversion of the chirped
Gaussian input profile but, however, the analysis was limited only to certain values of the chirp parameter. Later,
in Ref. 15, the author studied the generation of bright
spatial soliton beams from a linearly chirped Gaussian input waveform (the direct form of the input pulse was also
somewhat different from that considered in the present
paper) and compared the results with those for sechshaped input profiles to demonstrate the distinctions. The
results obtained apply to a single-soliton regime, and an
approximate analytical formula for the amplitude of the
emerging soliton was derived in the case of unchirped
pulses. Burak16 dealt with a similar problem, but for real,
symmetric, and spatially modulated Gaussian pulses. In
Ref. 17, the authors demonstrated both numerically and
experimentally, the breakup of a strongly prechirped sech
pulse into a train of fundamental solitons in lossless lowdispersion optical fibers. A similar effect was considered
analytically in Refs. 18 and 19, while in Ref. 20, the stability of linearly chirped sech pulses was demonstrated
numerically, In Refs. 21 and 22, a variational approach
was used to approximate the eigenfunctions (the so-called
Jost functions) of the ZSSP associated with the different
initial pulse shapes of the NLSE. This approach allowed
the approximate values for discrete ZSSP eigenvalues to
be obtained, which correspond to the bound multisoliton
states, as a function of the input shape parameters.
However, in Ref. 29, it was pointed out that the results of
variational approaches can sometimes fail to correctly
describe the spectrum of the ZSSP if the chosen ansatz
is not flexible enough; one example of such a case
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is the interaction of solitons with radiation. In the
latter case, a special type of ansatz is required (see
Ref. 30). In Ref. 23, a WKB approach was applied to the
problem of soliton formation from a variety of different
shapes for the initial pulses, while in Ref. 25, a combination of variational and WKB methods was used to find the
decomposition of the initial pulses into multisoliton
states.
However most of the works cited apply to the singlesoliton regime and give only approximate values of the
ZSSP eigenvalues; in the current paper, we generally deal
with a more complicated case when one needs to study
multisoliton pulse decomposition. Moreover when concerned with the lossy case, no analytical solution for the
associated ZSSP is available at all, so we will resort to the
numerical solution of the associated ZSSPs.
To conclude the introductory part on multisoliton conversion, it is worthwhile to mention that the integrability
of a system is not a necessary condition to attain stable
pulse propagation. One such example is provided by the
solitons in the DM systems mentioned earlier. A recent
paper31 proposes a new method of analyzing the soliton
content of the pulse, and the method does not rely on the
property of system integrability (and hence it does not incorporate the considerations based on the solution of the
associated direct-scattering problem), and it may be applied to nonintegrable systems such as DM transmission
lines.
In the present paper, we study soliton conversion in a
fiber span both in the lossy and the quasi-lossless regimes. The numerical values of loss we use in our simulations actually imply that the system is far from integrable. In this case, we use a combination of a split-step
Fourier method to propagate the pulse in a lossy fiber and
ZSSP analysis to study its spectral content at each point
in space. When solving the direct ZSSP numerically, we
use a well-documented piecewise constant approximation
for the potential (see, e.g., Ref. 26 for the detailed description). Though for the systems far from integrable, the decomposition into soliton “modes” via ZSSP itself is not
very meaningful; its application makes perfect sense
when one considers a span of lossy fiber immediately followed by a span of quasi-lossless fiber. Then the ZSSP
spectral content at the output of the lossy span determines completely the further integrable evolution of the
pulse. We will examine the conversion of the inputchirped Gaussian pulses and determine how the characteristics of the emerging soliton states, such as the number of the bound states, the relative soliton power, and
Hamiltonian, depend on the amplitude and chirp of the
input Gaussian pulse in both quasi-lossless and lossy regimes. Note that previously reported results on this
problem15 were concerned with a single-soliton regime
and lossless case only.
This paper is organized as follows. In Section 2, we describe the normalization of the NLSE in an optical fiber,
introduce basic scales, and describe the multisoliton decomposition addressed in the current paper. In Section 3,
we present results of numerical multisoliton decomposition of the chirped Gaussian pulse in the quasi-lossless
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regime. Section 4 presents a similar analysis for a 25 km
lossy fiber span.

2. MODEL
The evolution of optical pulses along the fiber span is governed by the NLSE3:
iz +

i␣
2

−

␤2
2

tt + ␥兩兩2 = 0.

共1兲

This equation describes the propagation of a light envelope 共z , t兲 in a lossy optical fiber with constant groupvelocity dispersion. Here ␣ = ˜␣ ⫻ 0.1 ln 10 is the fiber
power loss (recalculated from the corresponding quantity
˜␣ measured in dB/km), ␤2 is the second-order dispersion
coefficient (measured in ps2 / km), and ␥ stands for the
nonlinear coefficient (measured in W−1 km−1). It is customary to operate with Eq. (1) in dimensionless soliton
units. More specifically, if we introduce the pulse width
T0, the so-called dispersion length LD = T02 / 兩␤2兩, and the
characteristic power P0 = 共␥LD兲−1, we can rewrite Eq. (1) in
dimensionless rescaled units t → t / T0 , z → z / LD , 
→  / 冑P0 , ␣ → ␣LD, as
iz +

i␣

1
 ⫿ tt + 兩兩2 = 0.
2
2

共2兲

The sign of the third term in Eq. (2) is determined by the
sign of the dispersion coefficient ␤2 in Eq. (1). In what follows, we will always assume constant anomalous dispersion 共␤2 ⬍ 0兲, which corresponds to the “+” sign in Eq. (2).
We will now use the dimensionless notation and will return to the real world units only when a quantitative description is desirable. For the specific values of parameters, we use standard single-mode telecommunication
fibers
with
␤2 = 20 ps2 / km, ˜␣ = 0.2 dB/ km, and ␥
−1
−1
= 3 W km . We will consider pulses of width T0 = 22 ps,
which yield LD = 25 km and P0 = 13 mW. The dimensionless loss is then computed as ␣ = 1.15. In the quasi-lossless
regime, of course, losses are neglected, and so in that
case, one deals with the integrable version of the NLSE
with ␣ = 0 in Eq. (2). In the absence of loss, it is known
that Eq. (2) possesses a family of soliton solutions. Let us
write down, for reference, the general form of a singlesoliton solution in the lossless case:

共z,t兲 =

2
cosh关2共t − T0 + 2z兲兴

e−2it+i0+2共

2−2兲z

.

共3兲

This anzatz defines four basic parameters of a single soliton: amplitude 2, frequency (or velocity in time domain)
2, initial position T0, and initial phase 0.
More generally in the absence of loss, the fundamental
understanding of the pulse behavior can be provided by
decomposing the wave field into “normal” coordinates, i.e.,
the soliton and nonsoliton (quasi-linear radiation) components, also termed as the nonlinear spectral data. Such a
decomposition of an arbitrary profile implies the solution
of the associated direct scattering problem, i.e., ZSSP1:
d1
dt

= 2 − i1 ,

d2
dt

= − *1 + i2 .

共4兲

Generally, an initial condition 共0 , t兲 gives rise to a continuous real spectrum of eigenvalues  (associated with
the background radiation), and in addition to the continuous spectrum, the ZSSP can also support a discrete
spectrum—the finite number of complex-valued eigenvalues k = k + ik located in the upper complex half-plane of
. The discrete part of spectrum is associated with the
soliton part of the solution and for each k, the real part of
the complex eigenvalue, k, is half the corresponding soliton frequency, and the imaginary part k is half the soliton amplitude. The key to the IST technique is the fact
that the discrete eigenvalues (soliton parameters) are integrals of motion, which makes the evolution of spectral
data with propagation distance, z, trivial. Another important property of solutions is that the radiative part generally disperses away from the soliton solution after a sufficient propagation distance.29 Therefore, an arbitrary
localized input waveform 共0 , t兲 asymptotically evolves
into a multisoliton bound state with negligibly small corrections due to radiative part (provided that there exists
at least one discrete eigenvalue of the ZSSP associated
with the input profile).
The decomposition in the lossless case can be performed directly by inserting the chirped Gaussian pulse
into a direct spectral transform solver. This gives us the
dependence of the eigenvalues and, therefore, the
asymptotic multisoliton bound-state characteristics, on
the input pulse parameters. It is appropriate to note that
the analytical solution of the ZSSP is known just for a
limited number of input waveforms,32 and for the chirped
profiles, one usually has to resort to approximate solutions or numerical techniques.14,15 When dealing with
lossy propagation, we carry out the numerical integration
of the lossy NLSE (2) with a chirped Gaussian pulse as an
input profile and then take the output profiles as the
ZSSP potentials for subsequent analysis. Eventually the
final soliton-state characteristics are again analyzed as
functions of the input shape amplitude and chirp values.
The lossless NLSE possesses an infinite number of conserved quantities (integrals of motion) that can be expressed in terms of scattering data. We will consider here
the following integrals of motion for the NLSE, which are
often taken as the fundamental characteristics of the solution: total pulse power, often referred to as the number
of bound quasi-particles, N:
N=

冕

⬁

dt兩兩2 ,

共5兲

−⬁

and Hamiltonian H:
H=

1
2

冕

⬁

dt共兩t兩2 − 兩兩4兲.

共6兲

−⬁

Both integrals of motion can be expressed through the
scattering data with the obvious decomposition into the
soliton and radiation contributions:
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H = 16
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2
k k

冕

⬁

dn共兲,

共7兲

−⬁

− k3/3兲 +

k

冕

⬁

dh共兲,

共8兲

−⬁

Total power and Hamiltonian are important quantities
because in the lossless case, being integrals of motion,
they provide valuable information about the structure of
the solution. In the fiber-optical applications, one is interested in the amount of power actually contained in the
soliton part of a solution and how it compares with the total power of the solution.
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= 2 , C = 7. In this case, one can observe that, in accordance
with Fig. 4(c), no solitons were created during the propagation. It is also instructive to plot explicitly the amplitude threshold for the creation of 1, 2, 3 soliton states versus the value of chirp as done in Fig. 5.
It is useful to point out the difference between the linear and nonlinear chirp where the phase variation decays
at the wings of the pulse. This difference was mentioned
in the paper by Desaix et al.19 For the linear chirp, the
number of soliton states and net soliton power decrease
monotonically with the chirp for the sech-shaped pulses,
which is in agreement with our results for the linearly

3. MULTISOLITON DECOMPOSITION OF A
CHIRPED GAUSSIAN
Consider a linearly chirped Gaussian initial pulse having
the form

冋

册

1
0共t,0兲 = A exp − 共1 + iC兲t2 ,
2

共9兲

where A is the pulse amplitude and C is the chirp parameter. Our goal is to carry out numerical spectral analysis
of the ZSSP (4) with the potential Eq. (9) inserted. The following properties of ZSSP associated with the chirped
Gaussian profile are useful here14,15: (i) the scattering
data are invariant under the change of the chirp sign, C
→ −C; (ii) the discrete eigenvalues for the chirped symmetric Gaussian profile Eq. (9) lie on the upper part of the
imaginary half-axis of the  plane.
The numerical method for the solution of ZSSP, Eq. (4),
utilizes the piecewise constant approximation of the input
profile26 used as a potential of the associated ZSSP. The
sensitivity of the method (i.e., the lower threshold of the
absolute values for the eigenvalues above which we were
able to recognize the presence of a new soliton) was 兩k 兩
⬃ 10−3.
The results of our analysis are given in Figs. 1–3. If one
increases the input profile amplitude, the number of solitons evidently becomes bigger. However the increase of
the chirp value brings about the opposite effect tending to
diminish the number of solitons and also the quantities of
the power transferred into the soliton part as well as the
amount of the Hamiltonian associated with the solitons.
To illustrate the effect of the chirp on the number of
created solitons in Figs. 4(a)–4(c), we show the propagation of the chirped Gaussian pulse in lossless optical fibers [␣ = 0 in Eq. (2)] for three different sets of input parameters. The following results were obtained by solving
the NLSE (2) with initial profile Eq. (9) using the secondorder split-step Fourier method.3 The first graph [Fig.
4(a)] corresponds to A = 2 , C = 0, and the results of our
simulation demonstrate the creation of the two-soliton
bound state. The next one [Fig. 4(b)] corresponds to the
same amplitude, but the value of the chirp 共C = 2兲 places
the system in the single-soliton regime [see the density
plot in Fig. 4(b)]. Spatial oscillations of the amplitude decay slowly, approaching the predicted single-soliton amplitude Asol ⬇ 2.37. Finally, Fig. 4(c) corresponds to A

Fig. 1. (Color online) Density plot of the number of solitons
[numbers of discrete eigenvalues for the associated ZSSP, Eq. (4)]
generated from the input-chirped Gaussian profile, Eq. (9), as a
function of the amplitude A and chirp C values. Lossless case.

Fig. 2. (Color online) Density plot of the relative power of the
solution, Nsoliton / 共Nradiation + Nsoliton兲, see Eq. (7), generated from
the input-chirped Gaussian profile, Eq. (9), as a function of the
amplitude A and chirp C values. Lossless case.

Fig. 3. (Color online) Density plot of the part of the Hamiltonian
Hsoliton, see Eq. (8), transferred into the solitons generated from
the input-chirped Gaussian profile, Eq. (9), as a function of the
amplitude A and chirp C values. Lossless case.
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Fig. 4. (Color online) Propagation of a Gaussian pulse for different values of amplitude A and chirp C (see Fig.1 for the corresponding number of bound states calculated for each case). Lossless case, ␣ = 0 was assumed, (a) Here A = 2 , C = 0, and a twosoliton bound state is formed, (b) A = 2 , C = 2, and a single soliton
is created, (c) For A = 2 , C = 7, large chirp prevents the creation of
solitons, and the power disperses quickly with the propagation.

chirped Gaussian pulses, Figs. 4(a)–4(c). For the nonlinear chirp (seeh-like phase function), there is the opposite
trend in the behavior of the number of solitons versus
chirp; also the initial pulse shape breaks into separating
solitons and so-called Y-shaped ZSSP spectra occur.18,19,23
None of this is observed in our case of linear chirp.
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in power, also breaks up into separate solitons or boundmultisoliton complexes, and each of these localized pulses
decays individually. For two bound solitons, this effect
was first reported in Ref. 34 where, however, splitting of
the bound state was determined visually by the resulting
pulse broadening (see also Ref. 35). We present here results of the spectral data ZSSP consideration that gives
important new information concerning this effect. The
ZSSP analysis performed at the fiber span output [i.e., the
resulting output profile was taken as a potential of the
ZSSP, Eq. (4)] confirms that there are still five discrete
states present in the output pulse. While the imaginary
parts of the eigenvalues (soliton amplitudes) unsurprisingly decrease due to the loss, another interesting effect is
the appearance of nonzero real parts of the eigenvalues.
In other words, the resulting multisoliton breather becomes unstable and breaks into soliton pairs, escaping
symmetrically from the origin, while losing power due to
loss. In Fig. 7, we present the results of the ZSSPdecomposition analysis for several sections taken at z = 0,
z = 0.13, z = 0.54, and z = 0.73 for Figs. 7(a)–7(d) correspondingly. We observed that the discrete eigenvalues of
ZSSP evolve nonadiabatically, giving rise to instabilities.
The eigenvalues, initially located on the imaginary axis
move closer to each other, and eventually collide and disperse, acquiring nonzero real parts (i.e., the individual
solitons gain nonzero velocities). This corresponds to the
breakup of the bound multisoliton state, which can be visually observed in Figs. 7. The detailed study of the
bound-state instability and disintegration described

4. ZSSP MULTISOLITON DECOMPOSITION
FOR THE SOLUTION OF LOSSY NLSE
The results obtained so far concerned the quasi-lossless
case ␣ = 0, and for this situation, we explicitly demonstrated how the characteristics of the multisoliton bound
state depend on the amplitude and chirp values of the input pulse. In this section, we consider how the fiber loss
affects multisoliton bound states originating from chirped
Gaussian input (9). When loss is small, ␣  1, the system
is still close to the integrable case, and the adiabatic perturbation theory can be effectively applied to describe the
evolution of the bound state.33 But when the loss is large
enough (as in many situations of practical interest), the
system can no longer be treated as almost integrable.
Therefore qualitatively new physical effects not covered
by the adiabatic perturbation theory can occur in this
case. Figure 6 presents the evolution of the initial pulse
Eq. (9) with A = 5 , C = 0, over the distance L = 1 (this distance corresponds to 25 km in real world units) with loss
coefficient ␣ = 1.15 (0.2 dB/ km in real world units). The
initial pulse corresponds to a five-soliton bound state in
Fig. 1 [the associated ZSSP (4) possesses five welldistanced purely imaginary discrete eigenvalues]. The resulting complicated dynamics of the pulse is shown in Fig.
6. It can be readily seen that the pulse, while decreasing

Fig. 5. (Color online) Amplitude threshold for soliton creation
versus chirp. Lossless case.

Fig. 6. (Color online) Breaking of a bound five-soliton state in a
lossy fiber. The initial profile was given by Eq. (9) with A = 5 , C
= 0. Pulse power is also shown as a density-plot in the inset. The
propagation distance was L = 1.
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Fig. 7. Evolution of discrete ZSSP eigenvalues with the propagation distance z, corresponding to the lossy case shown in Fig. 6 and the
same parameters of the initial chirped Gaussian pulse. (a) At z = 0, we have five well-separated eigenvalues located at the imaginary axis,
so that the bound state is the so-called breather state and soliton velocities are 0. (b) At z = 0.13, the lowest eigenvalue is now below the
soliton threshold and also a pair of eigenvalues acquires symmetric real parts (velocities). (c) At z = 0.54, the picture is qualitatively the
same as in the case (b), but now the lowest eigenvalue reappears again. (d) At z = 0.73, one observes a separation of yet another pair of
eigenvalues.

Fig. 8. (Color online) Density plot of the number of solitons
[numbers of discrete eigenvalues for the associated ZSSP, Eq. (4)]
generated from the input-chirped Gaussian profile, Eq. (9), as a
function of the input amplitude A and chirp C values. Lossy case,
␣ = 1.15, propagation distance L = 1.

Fig. 9. (Color online) Density plot of the relative power of the
solution, Nsoliton / 共Nradiation + Nsoliton兲, generated from the inputchirped Gaussian profile, Eq. (9), as a function of the input amplitude A and chirp C values. Lossy case, ␣ = 1.15, propagation
distance L = 1.

above is beyond the scope of this paper and will be published elsewhere.
Finally in Figs. 8–10, we plot the number of soliton
states, relative power, and Hamiltonian for the lossy line,
to be compared with Figs. 1–3, as functions of the input
pulse parameters—the input amplitude and chirp. The
presence of loss brings about a decrease of the number of
bound-soliton states thus resulting in the complicated
palette shown in Fig. 7. Because the initial configuration
breaks into symmetric soliton pairs decaying simultaneously, the number of soliton states decreases with
propagation more rapidly than one would expect in the

stable case—solitons annihilate both individually and in
pairs. Also the output density plots of the relative power
transferred to the solitons and of the Hsoliton change correspondingly. The latter is the consequence of the complex
waveform that occurs at the output of the lossy fiber span.

5. CONCLUSION
In the present paper, we have studied the process of pulse
conversion from a linearly chirped Gaussian waveform
into bound-multisoliton states. In the quasi-lossless regime, the resulting soliton eigenvalues are integrals of
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